Block Bootstrap HAC Robust Tests: The Sophistication of the
Naive Bootstrap

Silvia Gongalves
Département de sciences économiques, CIREQ and CIRANO, Université de Montréal

and

Timothy J. Vogelsang*
Department of Economics, Michigan State University

January 25, 2010

Abstract

This paper studies the properties of naive block bootstrap tests that are scaled by zero
frequency spectral density estimators (long run variance estimators). The naive bootstrap is a
bootstrap where the formula used in the bootstrap world to compute standard errors is the same
as the formula used on the original data. Simulation evidence shows that the naive bootstrap
can be much more accurate than the standard normal approximation. The larger the HAC
bandwidth, the greater the improvement. This improvement holds for a large number of popular
kernels, including the Bartlett kernel, and it holds when the i.i.d. bootstrap is used and yet
the data are serially correlated. Using recently developed fixed-b asymptotics for HAC robust
tests, we provide theoretical results that can explain the finite sample patterns. We show that
the block bootstrap, including the special case of the i.i.d. bootstrap, has the same limiting
distribution as the fixed-b asymptotic distribution. For the special case of a location model,
we provide theoretical results that suggest the naive bootstrap can be more accurate than the
standard normal approximation depending on the choice of the bandwidth and the number of
finite moments in the data. Our theoretical results lay the foundation for a bootstrap asymptotic
theory that is an alternative to the traditional approach based on Edgeworth expansions.
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1 Introduction

In this paper we analyze bootstrap procedures applied to tests based on heteroskedasticity auto-
correlation (HAC) robust variance estimators using time series data that is covariance stationary.
Because of dependence in the data, implementation of the bootstrap is more complicated than in
the i.i.d. case. Many variants of the bootstrap have been proposed for dependent data includ-
ing the well known moving blocks bootstrap originally proposed by Kunsch (1989). Theoretical
conditions under which the block bootstrap can be expected to provide refinements have been es-
tablished by Gotze and Kiinsch (1996), Lahiri (1996), Andrews (2002) and others. Refinements of
the block bootstrap in generalized method of moments (GMM) models have been shown by Hall
and Horowitz (1996) and Inoue and Shintani (2006). The theoretical results in these papers have
been established using Edgeworth expansions with leading terms that are distributed standard
normal.

When the moving blocks bootstrap (MBB) is applied to tests based on heteroskedasticity au-
tocorrelation robust variance estimators, a particular version of the MBB has been labeled “naive”
by Davison and Hall (1993). The naive bootstrap uses the same formula for the HAC estimator in
the bootstrap world as is used on the original data. While this may seem to be a natural way to
proceed with the MBB, Davison and Hall (1993) and Gétze and Kiinsch (1996) have shown that
the naive MBB will not provide higher order accuracy as measured by Edgeworth expansions. To
obtain higher order Edgeworth results they show that the HAC estimator in the bootstrap world
needs to be computed using a formula that reflects the constraint on the correlation structure of the
bootstrap data imposed by the moving blocks scheme. Recent work by Inoue and Shintani (2006)
extends the Edgeworth analysis to certain testing problems in the GMM framework.

In a recent paper, Kiefer and Vogelsang (2005) reported small sample simulation results for
HAC robust t-statistics for testing hypotheses about the sample mean of a stationary univariate
time series. They found that the naive bootstrap, including the i.i.d. bootstrap, can dramatically
outperform the standard normal approximation, and this improvement over the standard normal
approximation occurs for many kernels including the Bartlett kernel. The case of the Bartlett kernel
is interesting because the Edgeworth expansion results in the literature suggest that even the non-
naive version of the MBB will not be more accurate than the standard normal approximation in the
Bartlett kernel case. The simulations reported by Kiefer and Vogelsang (2005) also exhibited an
interesting and persistent pattern: the naive MBB, especially the i.i.d. bootstrap, closely mimics
rejections that are obtained when using the fixed-b asymptotic approximation proposed in their
paper. Because these finite sample patterns are not predicted by the existing Edgeworth theory,
an alternative theory is needed to understand the finite sample performance of the naive MBB.

In this paper we develop a theoretical framework that can be used to explain the finite sample



patterns reported by Kiefer and Vogelsang (2005). We make two theoretical contributions. First, we
provide sufficient conditions under which the naive MBB has the same first order fixed-b asymptotic
distribution as the original statistic. This result holds for fixed block lengths (including the special
case of the i.i.d. bootstrap) and for block lengths that increase with the sample size but at a slower
rate’. This result explains why rejections using the naive MBB closely follow the rejections using
fixed-b asymptotic critical values. Second, in a simple location model and for the special case of
the Bartlett kernel, we develop a higher order asymptotic theory to show that the i.i.d. bootstrap
has an error in rejection probability (ERP) that may converge to zero faster than the ERP of
the standard normal approximation depending on the bandwidth choice and the number of finite
moments that exist in the data. FEx ante, it is not intuitively obvious that the i.i.d. bootstrap
could be more accurate than the standard normal approximation (see Singh (1981)). Ez post, this
property is no longer surprising when viewed from within the fixed-b asymptotic framework.

In establishing the higher order properties of the i.i.d. bootstrap, we provide an upper bound
on the error rate of the fixed-b approximation and show that this is of the same order as the
upper bound on the i.i.d. bootstrap error. Specifically, the bound we derive is of the order
O (T_l/ 243/ (2”)), where p is the number of finite moments in the data. In contrast, the error
rate of the normal approximation for one-tail tests based on the Bartlett kernel is O (T_l/ 2) +
O (%) + O (M~1'), where M is the bandwidth parameter (see e.g. Sun and Phillips (2009)). Any
rate for M that is either larger or smaller than O (\/T ) implies a normal approximation error of
magnitude larger than O (T -1/ 2). This is unequivocally larger than our upper bound when p = oo;
when p < 00, it can be larger or smaller than our upper bound depending on the particular value
of p and how it relates to the rate of M. For instance, p > 9 suffices if M = O (Tl/ 3), which is
the rate of the conventional MSE-optimal bandwidth parameter choice for the Bartlett kernel. If
M =0 (\/T ), which is the optimal-ERP bandwidth choice for one sided confidence intervals as
recently found by Sun and Phillips (2009), the normal approximation error converges at the best
possible rate of O (T_l/z). In this case, our upper bound on the fixed-b (and the i.i.d. bootstrap)
approximation is at least of the same order (they are of equal order only if p = oo as when the data
is Gaussian) and our upper bound becomes uninformative.

Recently, Jansson (2004) and Sun, Phillips and Jin (2008) analyzed the higher order asymptotic
properties of the fixed-b asymptotic theory for the simple location model when the data is Gaussian.
The upper bound on the error rate of the fixed-b asymptotics we derive here when p = oo is not
as fast as the rates found by Jansson (2004) and Sun et al. (2008). Thus, the bound on the
ERP we provide is not sharp. While it is possible that the results in Jansson (2004) and Sun
et al. (2008) extend to the non-Gaussian case studied here, establishing such results appear very
difficult. Because Jansson (2004) and Sun et al. (2008) obtain results under the assumption that

the data is Gaussian, their results cannot be applied to the bootstrap since the bootstrap data



cannot be Gaussian by construction.

The remainder of the paper is organized as follows. In the next section we describe the model
and test statistics. We review the fixed-b asymptotic approximation. Section 3 reports simulation
results for the simple location model and for a stationary regression model. The simulations illus-
trate the performance of the naive MBB relative to the standard normal and fixed-b approximations.
In Sections 4 and 5 we provide theoretical explanations for several of the patterns that emerge from
the simulations. Section 4 focuses on stationary regression models and establishes the first order
asymptotic equivalence between the naive bootstrap and the fixed-b asymptotic approximation.
These results could be generalized in straightforward ways to nonlinear models estimated by gen-
eralized method of moments. In Section 5 we narrow the focus to the simple location model and
we provide higher order asymptotic results for Bartlett kernel based tests. These results establish
that the fixed-b asymptotic approximation and the naive i.i.d. bootstrap have ERPs that converge
to zero at rates faster than the standard normal approximation. In Section 6 we discuss heuristic
comparisons between fixed-b asymptotic approximations and the Edgeworth approximations de-
rived by Velasco and Robinson (2001) in an effort to shed some light on the relative performance
of Edgeworth approximations and the naive bootstrap/fixed-b asymptotics in the simple location

model. Proofs are given in two mathematical appendices.

2 Model and Test Statistics
Throughout the paper we focus on stationary regression models of the form
y=af+u, t=1,2...T, (1)

where x4 and (3 are s x 1 vectors. The stationary time series {x;} and {u;} are autocorrelated and
possibly conditionally heteroskedastic. It is assumed that u; is mean zero and is uncorrelated with
Zy.

The parameter of interest is 3 and its estimator is 3 = <Zf:1 xtx;> B Zle x4, the ordinary
least squares (OLS) estimator. Let Q@ = E (z2) and Q = limp_,o Var (T_l/ 2 Zthl vt), where
vy = xpup. For HAC robust testing we require estimates of Q and 2. The usual estimate of )
isQ=T"" Zthl zxy. Estimation of © is often implemented with a kernel variance estimator such

as
T—1 i

Q:' > k<M>rj, (2)

where k () is a kernel function such that k (z) = k (—x), k£ (0) =1, |k (z)| < 1, k (z) is continuous

at z = 0, and ffooo k% (x) < oo. Here, for j > 0, fj =71 ZthjH @tﬁé_j are the sample autocovari-

ances of the score vector v; = x4, with u; = yp — :EQB the OLS residuals, and fj =17 j for j < 0.



M is the bandwidth parameter, which can act as a truncation lag for kernels such that &k (z) = 0
for |z| > 1.
Consider testing the null hypothesis Hy : R3 = r against Hy : RS # r, where R is a ¢ X s matrix

of rank g and r is a ¢ x 1 vector. We consider the following F-type statistic:
o U ~ A A -1 o
Fr=T <R5 - 7") [RQ‘lQQ_lR’} <R5 - 7") /q.
In the case where ¢ = 1 we can consider t—statistics of the form
VT (RB-7)
tr = — .
A /RQ—IQQ—IR/

Under suitable regularity conditions (described subsequently), v/T (RB — r) can be approximated

by a vector of normal random variables with variance-covariance matrix RQ'QQ~'R’. Given that
plim@ = (@, the traditional asymptotic approach seeks to establish consistency of Q to justify
approximating Q by 2. Consistency of Q requires that M — oo as T' — oo, but M/T — 0. Under
the traditional approach, Fr has a limiting chi-square distribution and t7 has a limiting standard
normal distribution.

An alternative approximation for ) has been proposed by Kiefer and Vogelsang (2005). Suppose
the bandwidth is modelled as M = bT', with b a fixed constant in (0, 1]. Because b is held fixed in
this asymptotic nesting of M, this approach has been labelled fixed-b asymptotics. Under fixed-b
asymptotics, Q converges to a random variable (rather than a constant) that depends on the kernel
and bandwidth. As a consequence, Fr and tr have nonstandard distributions. These limiting
distributions are useful for testing because they reflect the choice of bandwidth and kernel but are
otherwise asymptotically pivotal (i.e. independent of nuisance parameters) and critical values can
be tabulated. For example, under suitable regularity conditions (to be described subsequently),

Kiefer and Vogelsang (2005) showed that

Fr = Wy(1)'Qq(b) "' Wy(1) /g,
Wi(1)
Q1(b)’

where = denotes weak convergence, W;(r) is an ¢ x 1 vector of independent standard Wiener

(3)

processes and @Q;(b) is a random matrix that depends on the kernel. For example, in the case of

the Bartlett kernel,

1 N 1-b , _ — —~
Qi(b) = % /O W ()W () dr — % /O (Wilr + W) + W)W+ ) dr - (4)

where WZ(T’) = Wi(r) — rW;(1).



An alternative to asymptotic approximations is the bootstrap. In this paper we focus on the
MBB of Kunsch (1989) and Liu and Singh (1992). Define the vector w; = (y;,2})" that collects
the dependent and the explanatory variables for each observation. Let £ € N (1 < ¢ < T) be
a block length, and let B,y = {w;, wiy1,...,wie—1} be the block of £ consecutive observations
starting at w;. Note that ¢ = 1 gives the standard i.i.d. bootstrap. For simplicity take T" = k.
The MBB draws kyg = T'/¢ blocks randomly with replacement from the set of overlapping blocks
{Bi4,...,Br—¢y14}. Let F} and t} denote the naive bootstrap versions of Fr and t7. Fj and
t5 are computed as follows. Given a bootstrap resample w;f = (y;, z}’ )/, let /ﬁ* denote the OLS
estimate from the regression of y; on z; and let @* =7t z;[:l xfx}f. Let Q* denote the bootstrap
version of  where 8} = 274} = x}(yf —a}’#") is used in place of 7. The naive bootstrap statistics

are defined as
=7 (RY ) [RQ0r R (RE ) g 5)
where 7* = RP, and in the case of ¢ = 1,
VT (BB —r7)
\/RQ*_lg*Q*_lR/

Although the bootstrap statistics obviously depend on ¢, we do not index them by ¢ to simplify

(6)

tr =

notation. These bootstrap statistics are naive in the sense that they are computed with standard
errors that are of the same form as those used in computing 7 and ¢7 using the resampled data
in place of the original data. The empirical distributions of F. and 7. can be accurately estimated
using simulations.

As a benchmark for the simulations in the next section, we also consider the version of the MBB
proposed by Gotze and Kiinsch (1996) which we label the GK-MBB. The GK bootstrap statistics
take the same form as in (B) and (6] except that r* is replaced by

TEK:RE’
where
) T -1 T
P - e ()| ()
t=1 t=1

1 Tt41 ) 41 -1 1 Tt41 (=1
/
= | m/— - TigsT —_— - T
T—0+1 0—1 L rr101
= ( Z Z$t+s$;+s) Z Z!Et+syt+s,
t=1 s=0 t=1 s=0



and Q* is replaced with

14

ko ) /
Ot = S0 [ e <€_1/QZ@E—1>£+J') |
=1 7j=1 t=1

Note that 8 and QE i reflect the impact of the block structure of the resampled data on the mean
and variance of B* Recentering and rescaling with rg . and Q*GK have the effect of making the

Edgeworth expansions of the original and bootstrap statistics close to each other.

3 Finite Sample Performance

In this section we use simulations to compare and contrast the finite sample performance of the
standard asymptotic approximation, the fixed-b asymptotic approximation and the naive and GK
bootstraps. We first present results for the simple location model followed by results for a stationary
regression model with four regressors. The simple location model simulations illustrate interesting
patterns in the relative performance of the different asymptotic approximations. Theoretical results
that can explain some of these patterns are provided by the higher order asymptotic theory in
Section 5. The simulations for the regression model show that the patterns seen in the simple
location model continue to hold in the regression context. A theoretical link between the naive
MBB and fixed-b asymptotics suggested by both sets of simulations is formally established in
Section 4 for regression models.

Consider the simple location model,

Yt = 51 + U, (7)
where
1/2
up = pup_y + (1 - p2) e, (8)

{et} ~ 1.4.d.N(0,1) and u; = 0. We consider testing the null hypothesis that §; < 0 against the

alternative that $; > 0 at a nominal level of 5% using

B
By 86(31)’

where se (Bl> is the HAC standard error estimate. We focus on a one-sided test because the
theoretical results developed in Section 5 apply to one-sided tests. The true parameter, 3, is
set equal to zero and we consider three values for the AR parameter p: 0.0,0.5 and 0.9. In the
simulations, 10,000 random samples are generated for the sample size T" = 50. Similar patters were
found for other sample sizes. We consider the Bartlett and the QS kernels (results for other kernels

are available from the authors) and report results across 25 different values of the bandwidth:



M =2,4,...,48,50. We reject the null hypothesis whenever ¢ B, > t., where t. is a critical value.

The methods differ in the way in which the critical value is calculated. In particular, t. = 1.645
is used for the standard asymptotic approximation, whereas for the fixed-b approximation t. is
the 95% percentile of the fixed-b asymptotic distribution derived by Kiefer and Vogelsang (2005).
Given the sample size of 50, the values of M implicitly determine the corresponding values of
b =0.02,0.04,...,0.98,1.0 in the fixed-b distribution theory. For the naive MBB and the GK-MBB
t. is the 95% bootstrap percentile of the respective bootstrap ¢-statistics. The bootstrap tests are
based on 999 replications for each sample. We report results for the block lengths £ = {1,5} where
obviously ¢ = 1 is the i.i.d. bootstrap. Following a recommendation by Gotze and Kiinsch (1996)
we also implement both bootstraps using ¢ = M.

We also report rejection probabilities using the Edgeworth approximation for ¢. derived by
Velasco and Robinson (2001). Using ¢, to denote the right-tail N (0, 1) critical value, the Edgeworth

critical value is given by

1 M
tedge =t + 55753 + f(%)?) (9)

o) = (2/01 k(s)2ds + /01 k(s)ds> - </01 k(s)2d8> (9“3 - 39”) ,

and 6 = M~1Q~! Z |7|T'; for the Bartlett kernel and 6 = %w2M_2Q_1 Z 4°T; for the QS
j=—00 j=—o00

kernel. Given the AR(1) structure in the simulations, the formulas for ¢ simplify to

where

2p
2 M(—7) and
% respectively for the Bartlett and QS kernels?.

We implement the Edgeworth approximation in two ways. In the first, we make the unreal-
istic assumptions (from the perspective of practice) that it is known that the errors are AR(1)

and that the value of p is known. This provides an infeasible benchmark. In the second, we re-

e e T-1
place  with Q and we replace Z |7]T; and Z 4°T; with estimators Z k(ﬁ) |7] fj and
Jj=—00 Jj=—00 j==(T-1)

T—1

Z k:(ﬁ) jzfj where k(z) and M are the same as used to construct Q. This feasible approach
j=—(T-1)
preserves the nonparametric nature of the test in that we are not assuming any knowledge about

the form of the autocovariance structure.

Figures 1 and 2 contain results for the Bartlett kernel whereas Figures 3 and 4 contain results
for the Quadratic Spectral (QS) kernel. Each figure contains three panels corresponding to the
three values of p. Each panel depicts the empirical null rejection probabilities as a function of the
bandwidth and implicitly as a function of b = M/T. Figures 1 and 3 focus on the naive MBB
whereas Figures 2 and 4 provide comparisons between the naive MBB and the GK-MBB.

Looking at Figures 1 and 3 several interesting patterns emerge. The naive MBB (N B1, NB5) is



(almost) always more accurate than the N(0,1) asymptotic approximation and often substantially
so. The improvement of the naive MBB over the N (0, 1) approximation holds for both kernels and
the improvement is larger for the QS kernel as compared to the Bartlett kernel. The larger the
bandwidth, the greater the improvement. The i.i.d. bootstrap (NB1) tends to closely follow the
fixed-b asymptotics across all DGP’s, bandwidths, sample sizes and kernels, despite the presence of
autocorrelation. This pattern strongly suggests a systematic relationship between the naive block
bootstrap and the fixed-b asymptotic approximation. In addition it is interesting to note that as p
increases (e.g. p = 0.9), increasing the block size to 5 helps in further reducing the size distortions®.
In this situation, ignoring the serial correlation in the model and using the i.i.d. bootstrap is inferior
to using blocking. From a theoretical perspective this finite sample pattern suggests that the naive
block bootstrap may offer an asymptotic refinement over the i.i.d. bootstrap/fixed-b asymptotics
with careful choice of the block length. Such a theoretical investigation would be very difficult and
is not considered here.

The performance of the Edgeworth approximations are interesting. The most relevant pattern
is that neither Edgeworth approximation closely follows the naive MBB suggesting that theoretical
explanations for the patterns displayed by the naive MBB will not be found using Edgeworth
arguments. This is not surprising given the theoretical arguments made by Davison and Hall
(1993) and Gotze and Kiinsch (1996) about the naive MBB. When the errors are i.i.d. (p = 0),
the infeasible Edgeworth (Edgelnf) is more accurate than the N(0,1) approximation but is less
accurate than the naive MBB or fixed-b approximations. The differences become more apparent
as the bandwidth increases. The feasible Edgeworth (EdgeFeas) gives rejections between the
N(0,1) and the infeasible Edgeworth. When there is serial correlation in the errors (p = 0.5,0.9),
the feasible Edgeworth consistently is more accurate than the N(0,1) but is less accurate than
the naive MBB or fixed-b. The infeasible Edgeworth behaves much differently in the presence of
serial correlation. When the bandwidth is small, the infeasible Edgeworth tends to under-reject,
especially when p = 0.9. When the bandwidth is large and the Bartlett kernel is used, the infeasible
Edgeworth has rejections very similar to the naive MBB but it tends to over-reject more than those
tests when the QS kernel is used. Overall it is interesting to note that the feasible and infeasible
Edgeworth approximations do not seem systematically linked to each other.

Looking at Figures 2 and 4 it is apparent that the naive MBB and GK-MBB exhibit different
patterns. When the block length is set to 5, the naive bootstrap clearly follows the fixed-b rejections
whereas the GK bootstrap clearly follows the N(0, 1) rejections. Not surprisingly, the GK bootstrap
reduces the over-rejection problem of the N(0,1) approximation. Comparing the naive and GK
bootstraps indicates that the naive bootstrap tends to deliver rejections closer to 0.05 than the
GK bootstrap when ¢ = 5 for all three values of p, and as M increases, the naive bootstrap

has rejections much closer to 0.05 than the GK bootstrap. When setting ¢ = M, both bootstraps



perform reasonably well when ¢ and M are small but they become erratic as £ and M become large.
This is to be expected given that theoretical results in the MBB literature (this paper included)
require the block length to be of smaller order than the sample size.

To show that many of the patterns in the simple location model continue to hold in a regression
setting, we now report results for a stationary regression model with four regressors using the

well-studied setup of Andrews (1991). We consider the linear regression model
Ye = B1 + Baziz + Bares + Byxea + Bsis + w
where {u;} is given by (&) and
Ty = prp—1,; + (1 — 02)1/2 vy, woi =0, 1=2,...,5;

where vy; are generated as i.i.d. N(0,1) errors that are independent of each other and independent
with u;. We used 2,000 replications.
We consider testing the null hypothesis that 8, = 0 against the alternative that g, # 0 at a

nominal level of 5%. The test statistic is

fo_ By
BT (32)’

where se <ﬁ2> is a HAC standard error estimate. Because ¢ 3, is exactly invariant to the values of

the other regression parameters, we set them to zero without loss of generality. We reject the null

hypothesis whenever |t 32‘ > t., where t. is a critical value. We use the same setup as in the simple
location model except that we report results for a wider range of block lengths ¢ € {1,5,10,25}.
We do not report Edgeworth results because formal Edgeworth expansions do not appear available
for regression models. We consider a two-sided test in the regression case to show that many of the
patterns seen for the one-sided test in the simple location model carry over to two-sided tests.
Results for the naive bootstrap are given in Figures 5 and 7. As in the simple location model,
we see that the i.i.d. bootstrap (INB1) closely follows the rejections of the fixed-b approximation
and both are usually more accurate than the N(0,1) approximation. When the serial correlation
in the errors is strong (p = 0.9) increasing the block length to 5 (N B5) and 10 (N B10) can further
increase the accuracy of the approximation. Making the block length too big relative to the sample
size and the strength of the serial correlation (p = 0,0.5) can result in substantial over-rejections
and the naive bootstrap can be a worse approximation than the N(0,1) when M small to medium
in size. In this regression setting we see that the choice of block length matters. Using a small block
length, including the i.i.d. bootstrap, does show improvement over the N (0, 1) approximation and
the link to the fixed-b rejections is strong. But, it is clear that further improvements are possible

by using a larger block length when the serial correlation is strong as long the block length isn’t



too large. Again we see that refinements over the fixed-b approximation are potentially possible
with the naive bootstrap with judicious choice of block length.

Figures 6 and 8 allow comparisons of the naive and GK bootstraps with ¢ = 10 and ¢ = M.
Focusing on the case of £ = 10, we see that the naive bootstrap performs better than both the
N(0,1) and fixed-b approximations. As M increases, rejections become close to 0.05 for both kernels
and all three values of p. The GK bootstrap shows different patterns. It tends to under-reject with
M is small and tends to over-rejects when M is large although is also performs better than both the
N(0,1) and fixed-b approximations. With £ = M both bootstraps have similar rejections when ¢, M
are small and both are improvements over the asymptotic approximations. But, as ¢, M increase,
the similarity of the bootstraps begins to break down and both bootstraps become erratic as £, M
become large.

In unreported simulations we computed finite sample power? of the tests over a grid of values for
B in the location model and 35 in the regression model. We found that power of the naive bootstrap
closely follows power when using the fixed-b critical value. As M increases, power of both the naive
MBB and fixed-b decrease and this pattern is consistent with local asymptotic power calculations
reported by Kiefer and Vogelsang (2005). Power using the N (0, 1) approximation is often higher
but this is largely due to the substantial over-rejection problem of the normal approximation under
the null.

The patterns in the simulations in both the simple location and regression models suggest that
the fixed-b approximation and the naive MBB are systematically related and that they may provide
an improvement over the N(0, 1) approximation. Careful choice of the block length may provide
an improvement over the fixed-b approximation. Comparisons to the GK-MBB suggest that the
naive and GK bootstraps are not systematically related. Obtaining theoretical results that explain
all of these patterns is a very challenging research program. In the next section we establish the
asymptotic equivalence of the fixed-b approximation and the naive MBB in stationary regression
models. We then focus on the simple location model and show that the naive MBB theoretically is
more accurate than the N(0,1) approximation when the Bartlett kernel is used. The very difficult
question as to whether with careful choice of the block length the naive bootstrap can improve

upon the fixed-b approximation is beyond the scope of this paper.

4 Fixed-b Bootstrap Asymptotics

In this section we derive the asymptotic distribution of naive block bootstrap HAC robust tests
under the fixed-b asymptotics. In particular, for linear regression models we show that ¢} and
F7 have the same limiting fixed-b distribution as ¢7 and Fr. Define Sp7 = 21[57‘:11} vy, where [rT]
denotes the integer part of 1" with r € [0,1]. Let X7 (r) =T~/ ZS[TT] be the corresponding partial

sum process. Similarly, define Qr (r) = T~} zl[tfl] xxy. Following Kiefer and Vogelsang (2005) we

10



make the following two high level assumptions:

Al. X7 (r) = AW, (r), with Q = AN = limp_, o Var <T_1/2 Zle Ut).
A2. sup,cpq)|Qr (1) — rQ| — 0 in probability.

Here, we assume in addition that the statistic of interest, A, is such that:

A3. A7 can be written as
Ar = g(Xr (r),Qr (), Dr (),

where ¢ is a continuous functional of (X7 (r),Qr (r),Dr(r)), and Dp (r) is a vector of

deterministic functions of 7" and r such that Dr (r) — D (r) as T' — oo, uniformly in r.

Condition A3 is a general way of expressing statistics that includes ¢ and Fp. The function
Dr (r) reflects the choice of kernel. Using the arguments of Kiefer and Vogelsang (2005), it follows
that Q is a continuous functional of the processes X7 (r), Qr (r), and Dr (r), where Dy (r) is a
function of k (r). If k" (r) exists, then we can show that limy_,o Dy (r) = b=2k” (r/b), in which
case D (r) = b=2k" (r/b). For kernels that truncate to zero for |z| > 1, Dy (r) is a 2 x 1 vector
and D(r) has elements given by b=2k” (r/b) for |r| < b and b~'k’ (1), where &’ (1) is the first
derivative of k(z) from the left evaluated at = 1. For the Bartlett kernel we have Dr(r) = b and
D(r) = b. Thus, A3 holds for a wide class of kernels including the Bartlett kernel. See Kiefer and
Vogelsang (2005) for additional details on how Dr(r) is constructed.

Under conditions Al through A3, an application of the continuous mapping theorem (CMT)

implies that as T" — oo,
Ap = g (AW (r),rQ, D (r)) =G.

Suppose that the random variable G is pivotal, i.e. its distribution is invariant to A and Q. For
example, this is the case for Fr and ¢ as indicated by (B]). The goal in this section is to provide a
set of primitive conditions on {z;} and {v;} under which the naive block bootstrap test, I}, weakly
converges to (7, in which case the naive bootstrap and the fixed-b approximation will be equivalent
in a first order sense. Note that results for 7. follow as an obvious corollary.

We now need to introduce some additional notation. Given a bootstrap resample {w;* = (yf,zy )/},
let v§, = zf (yf —xy'B) = ziul,, and let v} = z (y,;k — x?’ﬁ)l = zju;. In order to simplify
the notation, we omit 7" in the definition of the bootstrap variables, e.g., we write v; instead of
vp,. Notice that vi (and not vy,) is the bootstrap analogue of v; as it replaces § with B. Let

[T,T] Zt 1vt and define the bootstrap partial sum process Xz (r) = T~V 25[* AL Similarly,
define Q7 (r) = z,[le xfxf. As usual in the bootstrap literature, P* denotes the probability

measure induced by the bootstrap resampling, conditional on a realization of the original time
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series. We use the following notation for the bootstrap asymptotics (see Chang and Park (2003)
for similar notation and for several useful bootstrap asymptotic properties): Let Z7 be a sequence
of bootstrap statistics. We write Z% = op~ (1) in probability, or Z% —%" 0 in probability, if for any
€>0,0>0,limpo P[P*(|Z}| > 0) > €| = 0. Similarly, we write Z}. = Op~ (1) in probability if
for all € > 0 there exists a M, < oo such that limy_,c P [P*(|Z}.| > M) > €] = 0. Finally, we write
Z7 =" Z in probability if, conditional on the sample, Z7 weakly converges to Z under P*, for
all samples contained in a set with probability converging to one. Specifically, we write Z7. =Pz
in probability if and only if E* (f (Z}.)) — E (f (Z)) in probability for any bounded and uniformly
continuous function f.

Suppose the bootstrap processes X7 () and Q7. (r) satisfy the following assumptions, in prob-

ability:
A1*. X5 (r) =77 A*Wi (r), for some A*.
A2%. sup,cpq) Q7 (r) — 7Q"| —P7 0 for some Q*.

In this section we study the asymptotic behavior of naive bootstrap statistics, i.e., we suppose

that

A3*. The bootstrap statistic A7 can be written as

A} =9 (Xik“ (T) 7Q§“ (T) , Dp (T)) )

where g and Dr (r) are as defined in A3.

According to condition A3*, the bootstrap statistic is equal to the exact same function as the
original statistic, but replaces the bootstrap data for the real data. This is the sense in which the
bootstrap statistic is naive. It is a very straightforward algebraic calculation to show that ¢7. and
F7. satisfy condition A3*. In particular, note that the recentering of B* around ﬁ ensures that the
bootstrap statistics can be expressed as the same functionals of X7 (r), Q% () and Dy (r) as the
original statistics. It is clear that under Assumptions A1*-A3*, by an application of the CMT, we
have that

A} :>P* g (A*WS (T) 7TQ*7 D (T)) ’

in probability. Because the random variable g (-, -, ) is pivotal (as in the case of t and F tests), the
limiting distribution of A7 coincides with the limiting distribution of A7, independently of A* and
Q*. Thus, the asymptotic equivalence between A7, and A7 depends crucially on the conditions A1*

and A2*. Next, we provide primitive conditions on {x;} and {v;} that are sufficient for A1* and
A2*.
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We derive results under the assumptions that {z;} and {v;} are near epoch dependent (NED) on
an underlying mixing process {&;}. NED processes allow for very general forms of dependence and
contain mixing processes as a special case. For a general time series {w;}, we view each coordinate
wy as a measurable function of the potentially infinite history of another underlying process {e;},
ie. wy (... ,80-1,6¢,8041,...). Let .F'St =0 (gg,...,e) for any s <t be the sigma-field generated by
Es,- .., &1, and let B! denote the expectation conditional on Ft. We say {w;} is L;-NED on {e;}, ¢ >

L, if [Jw]|, < oo and vy, = sup, Hwt - Eﬁ]]zgwtuq — 0 as ko — oo. Here and in what follows, [lwl|, =

o E |wi|q)1/ ? denotes the L,-norm of a random vector w. Similarly, we let |-| denote the Euclidean
norm of the corresponding vector or matrix. If the NED coefficients vy, are such that vy, =
O (ko_“_‘s) for some § > 0, we say {w;} is L;-NED of size —a. We assume {g;} is strong mixing.
The strong mixing coefficients are ay, = sup,, SUP{aeFm BeF,, } |P(ANB)— P(A)P(B)|; we

require ay, — 0 as kg — oo suitably fast.

We impose the following assumptions on {x;} and {v;}:

Assumption 1

la. For some p > 2, [lz¢fly, <A <ocforallt=1,2,....

1b. {z;} is a weakly stationary sequence L2-NED on {e;} with NED coefficients of size —%.

1

¢]

o lvell, <A <oo,and E(v) =0forallt =1,2,....

1d. {v;} is a weakly stationary sequence Lo-NED on {e;} with NED coefficients of size —3.

le. {e;} is an a-mixing sequence with ay, of size —I%.

1f. Q =limp_.o Var (T‘1/2 thzl vt> is positive definite.

We can show that Assumption 1 is a sufficient assumption for the high level conditions Al and
A2. Note that under Assumption 1, 2 = lim7_, ., Var (T_l/ 2ST) exists. We further assume €2 is
positive definite, which ensures the existence of a matrix A such that Q = AA’. Next, we show that
the following strengthened version of Assumption 1 is sufficient to ensure that conditions A1* and
A2* hold.

Assumption 1’

1c’. For some p > 2 and 0 >0, [[vf[,,5 < A < oo, and E(v;) =0 forall t =1,2,... .

1d’. {v:} is a weakly stationary sequence Lo, s-NED on {g;} with NED coefficients of size —1.

_ @4+ (p+d)

/ . o .
1€’. {e;} is an a-mixing sequence of size =)

13



Lemma 4.1 Under Assumption 1 strengthened by Assumption 1', it follows that,
a) For any fized ¢ such that 1 < <T, as T — oo,
X5 (r) = AW (r), (10)
in probability, where Ay is the square root matrixz of Qy = 'y + 2521 (1 — %) <Fj + F;)
b) Let { = {p — 0o as T — oo such that £2/T — 0. Then
X5 (r) =" AW (r), (11)
in probability, where A is the square root matriz of €.

c) Under both sets of assumptions on £, it follows that

sup |QF (r) —r@Q| =" 0,
rel0,1]

in probability.

Parts a) and b) of LemmalZT]provide functional central limit theorems (FCLT') for the bootstrap

,[;Tl} v;. To prove these results, we ap-
ply a bootstrap FCLT (Lemmal[A3given in the Appendix) for Z% (r) = T~1/2 y:j;] (X} — E* (X)),

when { X} is a MBB resample of {X;}, a NED process on a mixing process. Lemma [A3]is a mul-

partial sum process of the bootstrap scores X7 (1) = T-1/2

tivariate extension of an univariate bootstrap FCLT given in Paparoditis and Politis (2003) for
stationary mixing processes to the NED case.

We consider two cases: a) one where ¢ is fixed as T — oo, and b) another where ¢ — oo
as T — oo. Note that the first case includes the i.i.d. bootstrap as a special case. According
to Lemma [A.1] the bootstrap partial sum process X7 () weakly converges to a Brownian motion
with the “right” covariance matrix ) only if the block size £ increases with the sample size at an
appropriate rate. When £ is fixed, the limiting covariance matrix is €2y, which is different from 2
under general autocorrelation. This reflects the well-known fact that the MBB with fixed block
size (and therefore the i.i.d. bootstrap) achieves only partial correction of dependence (cf. Liu and
Singh (1992)).

Our first formal theoretical result is as follows.

Theorem 4.1 Let b € (0,1] be a constant and suppose M = bT. Let Assumption 1 strengthened
by Assumption 1' hold, and let k (z) be the Bartlett kernel or let k(x) be such that k" (x) exists and
is continuous everywhere with the possible exception of |xz| = 1. Suppose the block size { is either

fized as T — oo, or £ — oo as T — oo such that ?/T — 0. Then, under Hy : RB =17, as T — oo,
Fr =P Wy (1) Qq ()7 W, (1) /g,
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in probability, where Qq (b) is a random matriz defined in Definition 1 of Kiefer and Vogelsang
(2005).

Theorem [A.1] shows that the naive bootstrap F' test statistic has asymptotically the same distribu-
tion of Fr derived under the fixed-b asymptotics nesting of Kiefer and Vogelsang (2005). A similar
result holds for ¢7.. The first implication of Theorem [.1] is that a naive bootstrap is as accurate
to first order as the first order fixed-b asymptotics of Kiefer and Vogelsang (2005). The second
implication is that a simple i.i.d. bootstrap is asymptotically valid (and equivalent to first order to
the fixed-b asymptotic limit), even in the presence of serial correlation. This result is a consequence

of the asymptotic pivotalness of the F' statistic.

5 Higher-order results

In this section we provide an upper bound on the rate of convergence of the error implicit in the
naive i.i.d. bootstrap approximation and show that it can be smaller than the error of the N(0,1)
approximation even for dependent data. We focus on the t-statistic in the simple location model
given by (@), i.e. we assume x; = 1 for all ¢. Here the score vector v, is equal to the scalar u;. We
derive results for the Bartlett kernel because Q) can be expressed as a relatively simple function of
X7(r) in this case. We expect our results to naturally extend to other kernels although the details
are likely to be very tedious.

In this section we assume u; is a linear process. This is a more restrictive dependence assumption
than our previous NED Assumption 1. To prove our results, we will rely on the method of strong
approximations (see below for more details on this method), available for linear processes, and this
is the main reason why we restrict attention to the special class of linear processes. We are unaware

of such results for NED sequences. Thus, we let
(0. ]
U = T (L) €t = Zﬂ'jgt—j:
j=0

with 7 (2) = 3272, 7,27, and make the following additional assumptions.
Assumption 2

a) & are iid. with E(g;) =0, E (¢}) = 02 and E |&;|’ < oo for some p > 2.
b) 7 (z) #0 for all |z] <1 and ;2 i||mi| < .

Under Assumption 2, the FCLT for linear processes (cf. Theorem 3.4, Phillips and Solo, 1992)
implies that
(Tr]
W2 (r)=1T71/? Z up = AWq (r),

t=1
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where Q = A2 = 72 (1) 02 is the long run variance under Assumption 2. To establish our results
we need a result stronger than this invariance principle. In particular, we need specific rates of
convergence of the partial sum process for its limiting process. This can be achieved through the
method of strong approximations. Recently, Park (2003) uses strong approximations to show that
the bootstrap provides an asymptotic refinement for unit root tests. Similarly, Park (2006) relies
on this method to show asymptotic refinements of the bootstrap in the context of weakly integrated
processes. Our methods of proof will closely follow those of Park (2006).

Consider the following probabilistic embedding of the partial sum process of w;:

where =; denotes equality in distribution. Wy is a stochastic process on D [0, 1] having the same
distribution as WQQ. In what follows, we will not make a distinction between Wp and its distribu-
tionally equivalent copy WQQ. Therefore we will interpret the distributional equality =4 as the usual
equality. The Skohorod representation theorem guarantees that there exists a probability space
(Q, F, P) supporting W and Wy such that Wp — AW7 a.s. uniformly in [0, 1]. Moreover, we can
state the following result, which follows from a strong approximation result due to Akonom (1993)
(Theorem 3, p. 74).

Lemma 5.1 Under Assumption 2, we have that

a) sup |[Wrp(r)— AWy (r)|=0p (T—1/2+1/p> '
rel0,1]

b) For anye >0, P (SUPre[o,l] W (r) — AWy (r)| > T—1/2+3/(2p)> =0 (T—%Jr%ﬁ) '

Part a) of Lemma .1 shows that the stochastic order of sup,¢o 17 [Wr (r) — AW7 ()] is equal to
Op (T_l/ 241/ P). As we will show next, the ¢-statistic can be written as a functional of Wy (r) (or
of its distributionally equivalent copy T-1/2 Z,[;Z} u¢). Thus, we can use part a) to determine the
stochastic order of the error term in the stochastic expansion of the t-statistic. Part b) shows that
Wr can be approximated by AW, with an error that is distributionally’ of order O (T_l/ 2+3/ (2p)).
Thus, although the approximation error of W with AW is of order Op (T —1/2+1/ p), its effect is
distributionally of a larger order of magnitude, namely O (T_l/ 2+3/ (27’)). We will rely on this result

to derive the error of the fixed-b asymptotic approximation.
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5.1 Asymptotic expansion of the t-statistic

We first provide an asymptotic expansion for the t-statistic. The t-statistic can be written as

follows:

B1 \/6

where Bl =7 and
M . T
Q=Tg+2) <1 - ﬁ) Ly, with 0y =770 Y iy,
j=1 t=j+1

Thus, () is the Bartlett kernel variance estimator of = lim7p_o Var (T‘l/ 2 Zthl ut) = o272 (1).
The bandwidth is equal to M = b1, where b is a fixed constant. Following Kiefer and Vogelsang

(2005), we can write

R T—1 R T—[bT]-1 o
Q=272 S —20'T% > S8y,
t=1 =1

where S; = 25:1 i; and S; = S — (%) S, with S; = 25:1 u;.

Lemma 5.2 Under Assumption 2, and for any fixed b € (0, 1], we have
0= 0Q, (b) +Op (T7/21/7)

with Q1(b) given by ([{)).

Lemmal5.2lprovides an asymptotic expansion for Q) with remainder Op (T‘l/ 241/ p). The leading
term of this expansion is the distribution derived by Kiefer and Vogelsang (2005). The rate of
convergence of ) increases with p, the number of finite moments of e. If all moments of ¢ exist, we
can set p = oo and get the parametric convergence rate of Op (T_l/ 2). Our next result provides

the asymptotic expansion for the t-statistic.

Theorem 5.1 Under Assumption 2, and for any fized b € (0, 1], we have

RUTON +Op (T—1/2+1/p> 7

tBl - /Ql (b)

where t; - and Q1 (b) are defined as above.

The leading term of the expansion for t31 is the fixed-b first-order asymptotic distribution
derived by Kiefer and Vogelsang (2005). Using Lemma 51l b) and following Park (2003, Corollary

3.8) we can prove the following corollary to Theorem .11
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Corollary 5.1 Under Assumption 2, and for any fized b € (0, 1], we have

uniformly in x € R, for any e > 0.

Corollary [B.1] gives an upper bound on the rate at which the true sampling distribution of
t 3, converges to the fixed-b asymptotic approximation. When all moments exist (as in the Gaussian
case considered in our simulations), p = oo, then the bound on the error of the fixed-b asymptotic
approximation is of order o (T‘l/ 2+5) for any € > 0. For general linear GMM regression models, Sun
and Phillips (2009) show that the error of the normal approximation for one-sided tests is of order
O (T_l/z) + 0 (%) + O (M™1) for the case of the Bartlett kernel (cf. their equation (41)). This
result is derived from an Edgeworth expansion of the finite sample distribution of the test statistic
and hence it provides a sharp bound on each of the three terms involved. The order of the error
depends on the rate of the bandwidth. Suppose M = ¢TI for some constant ¢. When 6 € (0, %),
the dominant term is the O (M_l) term, and it is larger than O (T‘1/2). When § € (%, 1), the
dominant term is the O (%) term which is also larger than O (T_l/ 2). Only for § = % do the
three terms balance and equal O (T_l/ 2). Thus, any rate for M that is either larger or smaller
than O (\/T > implies a normal approximation error of magnitude larger than O (T_l/ 2). This is
unequivocally larger than our upper bound when p = co; when p < 0o, it can be larger or smaller
than our upper bound depending on the particular value of p and how it relates to the rate of
M. For instance, p > 9 suffices if M = O (T 1/ 3), which is the rate of the conventional MSE-
optimal bandwidth parameter choice for the Bartlett kernel. As Sun and Phillips (2009) show, the
MSE-optimal bandwidth choice is suboptimal if the goal is to minimize the coverage probability
error of a confidence interval. In this case, choosing M = O (\/T > yields the smallest possible
coverage error of order O (T_l/ 2) for the normal approximation. Because our upper bound is no
smaller than O (T -1/ 2) and is O (T -1/ 2) only when p = oo, our upper bound is uninformative
when M = O <\/T > and makes no prediction about the relative accuracy of the normal and fixed-b
approximations.

We should point out that stronger results than Corollary E.J] have been obtained in some recent
work if it assumed that wu; is Gaussian. Jansson (2004) has established that (the bound on) the
error of the fixed-b asymptotic approximation is O (%) for the case of the Bartlett kernel with
b = 1. This result has been refined to O(T~1) and extended to a general class of kernels and wider
range of b by Sun et al. (2008). In contrast, our bound is of order O (T -1/ 2) when wu; is Gaussian,
implying that the method of strong approximations does not deliver a sharp bound in the Gaussian
case. While the error rate results of Jansson (2004) and Sun et al. (2008) are stronger than ours,

it is not known whether they continue to hold without the Gaussian assumption. Because the
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Gaussian assumption cannot hold for the bootstrap, the methods of proof used by Jansson (2004)

and Sun et al. (2008) cannot be directly applied to the bootstrap.

5.2 Asymptotic expansion of the naive i.i.d. bootstrap t¢-statistic

Next, we provide an asymptotic expansion for the naive i.i.d. bootstrap statistic. Let
uf ~ idd. {ag=yp—y:t=1,---,T}

be an ii.d. bootstrap sample. Note that uf = y; — ¢, where y; is an i.i.d. bootstrap observation

drawn from {y;}. The naive i.i.d. bootstrap t—statistic is defined as

o YT(Bi-8)

B1 Q* ’

where 3; — y* and * is of the same form as () but evaluated with the bootstrap data:

T-1 T—[bT]-1
O =272 S -7 T N 88 s
t=1 t=1

where Sf = S — (%) Sy, Sf= Sl
Let Q% = Var* (T‘1/2 ST uf) . We can show that Q% = T~ S°T Var* (uf) = T S22 02,
and
o0
Q*=plimQr =F (u?) = 02271? # o’ (1) = Q,
i=1
so the i.i.d. bootstrap does not consistently estimate the long run variance of Bl. However, we
will show that the i.i.d. bootstrap can still provide an asymptotic refinement over the N(0,1)
approximation.
By a bootstrap FCLT,
(Tr]
WJQ* (7’) _ T—1/2 Zuzk :>d* Q*1/2W1 (7,) 7
t=1
in probability, where W7 denotes a standard Brownian motion independent of the realization of
ug. As above, we can find a process W7 that has the same distribution as WC?*, conditional on the

original sample, and such that the following result follows. We write
(T]
Wi () =T 3 i,
t=1

in probability, where the equality is to be interpreted as an equality in distribution under the
bootstrap measure. The following result is a strong approximation for the bootstrap partial sum

process.
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Lemma 5.3 Under Assumption 2, we have

a) sup |Wi(r) — Q2w (7‘)‘ = Op+ <T_1/2+1/p>, in probability.
rel0,1]

b) For any e >0, P* <Supr€[071} |Wi (r) — Q12w (r)| > T_1/2+3/(2p)) = op (T~1/243/)Fe)
The next result gives an expansion for Q* and is the bootstrap analogue of Lemma

Lemma 5.4 Under Assumption 2, we have
O = Q1 (b) + Op» (T—1/2+1/p) ,
in probability, where Q1 (b) is as defined previously.

Given Lemma [5.4] we can derive the following asymptotic expansion for the naive i.i.d. boot-

strap t-statistic.

Theorem 5.2 Under Assumption 2, we have

_ Q) _1/241/
tor = ———— 4+ Op- (T P,
ATy ( )

i probability.

The following corollary to Theorem shows that the effect of the remainder term in the

asymptotic expansion of tfff is distributionally of order O (T_l/ 2+3/ (2”)).

Corollary 5.2 Under Assumption 2, we have

P (tBI < x) =P (% < x) +op <T‘1/2+3/(2p)+6) ,

uniformly in x € R, for any ¢ > 0.

It then follows from Corollaries [5.1] and that

sup |P* (t; < ) = P (15, < )| = op (T71/23/00) (12)

uniformly in = € R, for any € > 0.

The result in ([I2]) shows that the bound on the i.i.d. bootstrap error is of the same order
of magnitude as the bound on the error implied by the fixed-b asymptotic approximation. In
particular, if p = oo the i.i.d. bootstrap error bound is arbitrarily close to op (T -1/ 2+6), smaller
than the error implied by the normal approximation when M = ¢T°, and § # 1/2. In particular,

the i.i.d. bootstrap error is smaller than the error associated with the normal approximation when
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the optimal MSE bandwidth is used to compute the HAC Bartlett kernel estimator whenever p > 9.
When M = O (\/T ), the optimal-ERP bandwidth, the bound on the i.i.d. bootstrap error is of
the same magnitude as the normal error when p = co and it is larger when p < oco. Therefore, no
conclusions can be obtained in this case because our bound results are not sharp.

The reason why the i.i.d. bootstrap can provide a refinement in this context is that it replicates
the fixed-b distribution. This is true even when the data are dependent, as we showed more generally

before.

6 Heuristic Comparisons of Edgeworth and Fixed-b

While rigorous comparisons of the Edgeworth approximations with fixed-b approximations are well
beyond the scope of this paper, some heuristic comparisons can be instructive for guiding future
work. In deriving formal Edgeworth approximations, Velasco and Robinson (2001) approximate
the bias and variance of the HAC variance estimator under the traditional assumption that M /T
shrinks to zero. In the simple location model we have from Velasco and Robinson (2001) for the
QS kernel

Q Q 1 > M [}
bias() = E(—)—m_—Sw?M—?Q—l > j2rj——/0 k(s)ds

Q 125 = T
18 5. 9 1 w= . M5

= —— 1M 4Q r.——=
125 j:z_:oo T

Var(%) (%) 2/01 k(s)%ds = 2%.

Although the Bartlett kernel does not satisfy the assumptions used by Velasco and Robinson (2001),

Q

existing results in the spectral analysis literature give for the Bartlett kernel

0 PRI M ! RPN M

bzas(ﬁ) ~ —MQ jzg_oojfj—?/o k(s)ds = —M~'Q jzg_oojfj—?,
Q M L A M

Var(ﬁ) A <?> 2/0 k(s)*ds = 3T

Notice that the Edgeworth approximation (@) is a function of these moments.

Alternatively, the fixed-b approximation approximates the entire distribution of Q:

~

The bias of /€ can be approximated by E(Q1(b) — 1). It is interesting to compare E(Q1(b) — 1)
and Var(Q1(b)) with the traditional bias and variance formulas. For the Bartlett kernel (see Kiefer
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and Vogelsang (2005))

E(Qi(b)—1) = —b+%b2
7

4. 2
2+ =+ bt for b <
37 Tt Tl trbs

N

Var(@(®) = 5b-

Recalling that b = M /T we see that the moments of the fixed-b asymptotic distribution match the

traditional moments for terms of order M/T. The differences between the two approximations are
o0

that the fixed-b approximation does not include the —M~1Q~! Z jI'; bias term because it is
j=—o00

o(1) under fixed-b asymptotics, but the fixed-b approximation includes terms of order (M /T)? and
higher.
These heuristic observations can shed some light on some of the patterns observed in Fig-
ures 1-4. In the case of i.i.d. errors, the bias term of order M~! is exactly zero (because
[e.e] (e}
Z 7T = Z 4°T; = 0) and the main difference between the fixed-b approximation and

j=—00 j=—o00
the Edgeworth approximation are the higher order terms in the bias and variance formulas for the

fixed-b approximation. When M is small, the difference between the Edgeworth and fixed-b approx-
imations are negligible whereas for large M, the fixed-b approximation is slightly more accurate.
When p = 0.3, the Edgeworth approximation is more accurate when M is small because it picks up
the M~! term whereas for larger M, the fixed-b approximation is more accurate. These differences
become more apparent when p = 0.9.

An intriguing possibility is apparent. Because of the asymptotic equivalence between fixed-b
asymptotics and the naive i.i.d. bootstrap, it appears the i.i.d. bootstrap captures the influence
of the bias and variance of Q to higher orders than the Edgeworth approximation with respect to
terms that depend on powers of M/T, but the i.i.d. bootstrap does not capture the bias term

00 00
that depends on Z |7]T; or Z j2Fj. With careful choice of block length, the naive block

j=—o0 J=—00
bootstrap could capture these bias term while continuing to capture the M /T and higher order

terms terms. The simulations reported in Figures 1-4 show that when there is serial correlation in
the data, increasing the block length from 1 to 5 does improve the approximation. It is possible

this improvement is coming at least in part through the first bias term.

7 Conclusion

In this paper, we theoretically analyze the performance of the naive MBB applied to HAC robust
tests based on nonparametric kernel estimators of the long run variance. In simulations reported
here and in Kiefer and Vogelsang (2005) it was found that the naive MBB outperforms the N(0,1)

approximation in finite samples. This improvement holds for many kernels, including the Bartlett
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kernel, and holds even for the i.i.d. bootstrap, despite the dependence in the data. These sim-
ulations suggest that the performance of the naive MBB is tightly linked to the finite sample
performance of the recently developed fixed-b (i.e. fixed bandwidth) asymptotics. We provide a
theoretical explanation for this result: we prove that the bootstrap distribution of the naive MBB
is asymptotically the same as the fixed-b asymptotic distribution. In addition, for a simple location
model we show that a naive i.i.d. bootstrap can reduce the magnitude of the error in estimating
one-sided distribution functions of robust t— statistics compared to the N(0,1) approximation er-
ror for statistics studentized with a Bartlett kernel variance estimator depending on the bandwidth
choice and the number of finite moments in the data. Our simulations also suggest that the naive
MBB can be more accurate than the fixed-b asymptotic approximation when the block size is cho-
sen appropriately. Providing a theoretical explanation for this finding is a challenging topic of for

future research.
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Notes

IThe finding that the naive bootstrap is first order equivalent to the fixed-b asymptotic distri-
bution for fixed block lengths in addition to slowly growing block lengths does not suggest that
the choice of block length does not matter. Our simulations will clearly show that the choice of
block length matters and the simulations suggest the naive bootstrap can provide refinements over
fixed-b asymptotics with suitable choice of block length. We conjecture that such refinements will
only hold for block lengths that grow at a suitable rate with fixed block lengths being insufficient.
It should also be pointed out that from the perspective of improvements over the standard normal
approximation, our results do depart from the existing literature by showing that use of small/fixed
block lengths work for the naive bootstrap. This is a positive result because it shows that a wide
range of block length choices can deliver improvements over the standard normal approximation
when the naive bootstrap is used. This is a desirable robustness.

2The regularity conditions used by Velasco and Robinson (2001) appear to exclude the Bartlett
and Parzen kernels because their spectral windows do not truncate outside the range [—m, 7| al-
though our simulation results suggest that their results likely hold for the Bartlett kernel. Velasco
and Robinson (2001) conjecture that their proofs could be modified to allow kernels like the Bartlett
and Parzen.

3In unreported simulations we obtained results for the case of p = 0.99. As one would expect,
the tendency to over-reject increases even for the NB5 and GK5 bootstraps.

4We do not consider size-adjusted power because there is only one statistic being considered and
its size adjusted power has nothing to do with the choice of critical value. Only unadjusted power
depends on the choice of critical value.

*We follow Park (2003) and say that a random sequence Ry is distributionally of order o (T797¢) =
O(T %) if P(|Rp| >T~%) =0O(T~*) for some € > 0.
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Appendix A

This Appendix contains the proofs of the results in Section 4. Throughout this Appendix K denotes
a generic constant that may change from one usage to the next. We first state four lemmas that
are auxiliary in proving Lemma 1] and Theorem 1] in Section 4. We then provide the proofs of
our main results followed by the proofs of the auxiliary lemmas.

The following result is a maximal inequality for mixingales (see e.g. Davidson (1994) for a
definition of mixingale) due to Hansen (1991, 1992). Zero mean NED processes on a mixing

process are mixingales and we will repeatedly use this result in our proofs.

Lemma A.1 For some nondecreasing sequence of o-fields {F} and for some p > 1, let {Xt,F}
be an L,-mizingale with mizingale coefficients v, and mizingale constants c;. Then, letting S; =
Zz:1 X and W =>">_. 1, it follows that

1/p
a) If1<p<2, |maxjer|Sjlll, < K@ (L, )
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1/2
b) Forp>2, |lmax;<r |S;|, < KU (zle cg) .

The following result gives the probability limits of the MBB variance of a scaled bootstrap
sample mean under two different assumptions on the block size ¢: (a) when / is fixed as T" — oo;
and (b) when ¢ — oo as T — oo at an appropriate rate. We state the result for a general time

series { X} satisfying the following assumptions:

Assumption A Let {X;} be a weakly stationary sequence of s x 1 random vectors such that the

following hold:
(i) For some p > 2, [ X[, <A <ooforalt=12....
(ii) {X;} is Le-NED on {V;} with NED coefficients of size —1/2.
p

(iii) {Vi} is a-mixing of size — 5.

Let {X/:t=1,2,...,T} denote a MBB resample obtained from {X;:¢=1,2,...,T} using
block size (. Let {0}, = Var* (T‘1/2 Zle Xf) denote the bootstrap variance of VT X7.

Lemma A.2 Suppose {X;} satisfies Assumption A. Then,

a) For any fized ¢ such that 1 <l <T, as T — oo,

J4 .
. * J _
pjlgr(l)o O =Ty + ]Ezl (1 — Z) (Fj + I‘;) = Qy,

where Tj = E ((Xy — p) (Xo—j — p)'), p = E(Xy).

b) Let { = {p — 0o as T — oo such that £2/T — 0. Then

lim Q% =T I" =0
p fim 9 0+Z i+

Our next result establishes a FCLT for the bootstrap partial sum process
Zk(r) =T/ [TT] 1 (X} — E*(X])). We need to strengthen Assumption A as follows.

Assumption A’ Let {X;} be a weakly stationary sequence of s x 1 random vectors such that the

following hold:
a) For some p > 2 and some ¢ > 0, || X¢|[,,s < A <ooforalt=12....

b) {X:}is Ly1s-NED on {V;} of size —1.

_ (249)(p+9)

c) {V;} is a-mixing of size s
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Lemma A.3 Suppose Assumption A’ holds and let Qy and Q as defined in Lemmal[A.2 be positive
definite matrices. It follows that

a) For any fized ¢ such that 1 < <T, as T — oo,
Zy (r) =" AW (r) (13)
in probability, where Ay is the square root matrix of 2.
b) Let { = {p — 0o as T — oo such that £2/T — 0. Then
Zy (r) =" AW (r), (14)
in probability, where A is the square root matriz of €.
The following result will be used in the proof of Lemma 411

Lemma A.4 Suppose {X; — E (Xt)} is a weakly stationary La-mizingale with || X[, < A < oo
for some p > 2 such that its mizingale coefficients 1), satisfy > > 1, < oo and its mizingale con-
stants are uniformly bounded. Let {X; :t=1,...,T} denote a MBB resample of {X; :t=1,...,T}
with block size ¢ satisfying either of the two following conditions: a) ¢ is fized as T — oo, or b)
0 — 00 as T — oo with £ = o(T). Then, for anyn >0, as T — oo,

[rT)
P sup [T (X7 —E* (X)) >n| =op(1).
0<r<1 —1

Proof of Lemma 4.7 We start with the proof of a) and b), which can be treated simultaneously.

Given our definitions of v, and vf, we can write v} = v§, — 7z}’ (6 — 6), which implies that

[rT] [rT] [rT)
Xi(r) = TN (ug, - o) + T2 3 B (v,) - 1/2Zxrx:'( 5)
t=1 t=1

= Z3(r) + Aty () - A3r ().

An application of Lemma [A3] implies that under Assumption 1/, Z4 (r) =" A*W; (r), in prob-
ability, where A* is the square root matrix of Q* = plim Var* <T —1/2 Zle v3t>. In particular,
by Lemma [A2 Q* = Q in a) and Q* = Q in b). Thus, to prove that X (r) =" A*W, (r), in
probability, it suffices to show that sup, |Aj, (r) — A5, ()| = op« (1) in probability. Adding and
subtracting 7—1/2 Z[TT E* (zfx}) <3 - ﬁ) , and rearranging terms yields

[rT]

7 () = Ay (r) = T—1/2ZE*( (v —aB)) - T—WZ ziay — B'aia) (B - 8)

Bir (r )_B2T( )
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Next, we show that sup,¢jo 1) |Biz (r)| = op~ (1) and sup,¢(o 1) | B3z (7)| = op+ (1), in probability.
Note that

M, B M, ¢ ¢
Bip(r) = E” <T_l/2 Z Z@Iers) =LK (T_1/2 Z Z@Iers) — T 2pr ( Z @IMT+5>

m=1 s=1 m=1 s=1 s=B+1
= bip(r) —byp(r),

where M,, B and I, are as defined in the proof of Lemma[A.3l We can show that sup,¢(o 1) 037 ()| =
Op+ (k‘o_ 1 2) in probability, given in particular the fact B — B =0p (T -1/ 2). Moreover,

4

* - * ~ ¢ * [ Fr*

1T (7") = MTT 1/2E <Z UI1+S> = Mr Tl_/2E <U1> s
s=1

where Uf = (! Zi:l O7,4s. Defining Xp = T7! z;[:l X, for any random variables X, it is well

known that E* (¢*7) = E* <ﬁf> = o7 + Op (%) (see e.g. Fitzenberger (1997)). Since o7 = 0

by the FOC defining the OLS estimator, it follows that E* (Ul* > =0+ 0p (%), and noting that

sup,eo,1] | Mr| = ko, we have

~ 14 ¢ 1
sup |b] = sup |M, EX* (U ) =ky—= (0+O0p | = =0p|—=)=0p(1),
re[OI,)ﬂ‘ i (7) re[opl | ’T1/2 ( 1> 07172 < r <T>> " <VT> P
under both conditions a) and b). For B, (r), note that

[rT]
sup 1Bir (1) = suwp |73 (s - Baiai)| VT (8- 8)|.
rel0,1] re(0,1]
Since ‘\/T (B - 5)‘ = Op (1), it suffices to show that sup,cjgq ‘T Z[TT (xjay — Erazray)| =
op+ (1) in probability. This follows by an application of Lemma [A4] since 2 = zpx) — E (xx})
satisfies the assumptions of this lemma under Assumption 1. To prove c), note we can write

[rT]

sup (T IZJEI@H—TQ <L+ L+
rel0,1]

where It = sup,epo y |71 24 (efa7’ — B* (ejay")| Fo = supyeoy |74 S0 (B () — wea))

and I3 = sup,cp 1 ‘T Zl[le ) — T’Q‘. As just proven, I} = op« (1), in probability, and I3 =

op (1) given Assumption 1. Next, we will show that Is = op(1). Adding and subtracting
w = E (z2)) yields

[rT] [rT]
I, <T7' sup ZE* (:EI:EI/ - ,u) + 77! sup Z (:Etzztfe — ,u) =41 + i9.
rel0,1] | =3 rel0,1] | =

Under Assumption 1.a)-b) and 1.e), we can show that {2} — p} is an Lo-NED of size —1 on {&;} (cf
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Davidson, 1994, Example 17.17). It then follows by Davidson’s (1994) Theorem 17.5 that {2} — u}
is an Lo-mixingale of size —1 with uniformly bounded mixingale constants. Thus, i = Op (T -1/ 2)

by an application of Lemma[Adl Similarly, we can show that iy = Op (T -1/ %)+ 0p (%), which is

61/2
+OP T )

where U, = (7! Zf,:l (21,4527 oy —p). It follows that

op (1) under our assumptions. Indeed, we can write

M
E* (Up)
m=1

11 = k:o_l sup
rel0,1]

My

ko' sup E*(U})| < kytko |E* (U7

re[0,1] | =1

T

| +or (7).

E*(U) = <T 1§T: (zfz) — ) T 1§T: (zi2} — p) + Op (;)

This completes the proof because T~ S°L | (z,2) — p) = Op (T‘1/2) .

Proof of Theorem (4.3l The proof follows from Lemma [J] using the same arguments as in
Kiefer and Vogelsang (2005).

Proof of Lemma [A.2l As is well known, the MBB variance Q% is equal to the Bartlett kernel
variance estimator of /T X7, up to a term of order Op (%) (see e.g. Fitzenberger (1997, p. 252)).

because

Note that this term vanishes in probability under both sets of conditions on ¢. Result b) follows by
de Jong and Davidson (2000) Theorem 2.1. Result a) follows by an argument similar to Liu and
Singh (1992) and Fitzenberger (1997), under our more general dependence Assumption A.

Proof of Lemma [A.3l These results are multivariate versions of a univariate FCLT given in
Paparoditis and Politis (2003) (henceforth PP (2003)). Whereas PP (2003) assume a mixing
condition on {X;}, here we allow for the more general NED condition. Note that we assume
throughout that F (X;) = 0 for all ¢ without loss of generality given that {X;} is stationary. Since
Assumption A’ implies Assumption A, it follows by Lemma[A.2] that plimp_,o Q5 = QF, where Q*
is equal to €y in a) and equal to © in b). Since by assumption both 2, and Q are positive definite,
Q*_l/ ? exists in probability for all T sufficiently large. By the functional Cramer-Wold device,
it suffices to show that A\ 1/2Z§i (r) =" N'W; (r) in probability for any A such that N\ = 1.
Following PP (2003), for any r € [0, 1], we can write

M, B
Wi (r) = N 225 (r) = NPT NN (Xgs — B (X7,,.))

where M, = [([rT]—1)/¢] +1 and B = min{/(,[rT| — (m —1)¢}. Here, I,..., I}, are iid.
uniformly distributed on {0,1,...,7 —¢}. Notice that for r € [0,1], M, € {1,...,ko} and
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Be{1,...,¢}. Asin PP (2003), we can write

M’l‘ Z
Wi (r) = N3 AT 3N (X - B (X0,,.L))

m=1 s=1
4

—)\’Q*T_l/ZT_l/2 Z (Xiy+s — E* (X1y 1)) = Wi (r) = Wop (1)
s=B+1

The proof consists of two steps: (1) Show that sup,cp 1] [Wor ()| = Op- <k:0_ 1 2) in probability;
and (2) Show that W} (r) =" Wi (r) in probability.

We start with (1). Since Q% — Q* in probability, and Q* is p.d., it follows that Q;_lﬂ =Op (1).
Thus, it suffices to show that

E* < sup > Op <k‘_1/2) ) (15)
rel0,1]

by Markov’s inequality. Since ko = T'/¢, kg — oo as T — oo under both set of conditions on ¢,

1
T Z (XIMT-+S_E*XIMT+s)
s=B+1

which implies that sup, [Ws; ()| = op+ (1) in probability. An application of triangle’s inequality

and Jensen’s inequality implies that

4 4
E*(sup TN (X s — B X1y, 1) ) §2E*<sup T2 N Xsz). (16)
ref0,1] s—Bil ref0,1] s=B+1

Since Ipy, ~ ii.d. Uniform {0,...,T — ¢}, we have that
‘
E* | sup T7-1/2 Xi 4 sup
<re[0,1} Z ks T f +1 Z o refo,1]

s=B+1
By Markov’s inequality, (I5) follows from E (ké/2E* (supre[(m ‘T—l/2 Z§:B+1 Xing, +s
Recall that for r € [0,1], B € {1,...,¢}. Thus,

L
_1/2 Z Xj+s )

s=B+1
)) —0(1).

~—

’ j+t Jt+t
1/2 _1/9 1/2/—1/2 1/27—1/2
ko/E<Sup EDY Xj+s>§ko/T PE | | 30 Xl | < RT3 X
rel0,1] s=B+1 s=j+i s=j+i 9
(18)

We now apply Lemma [AJl Under Assumption A’, {X;} is an Ly, s-mixingale (hence an Lo-
mixingale) with mixingale coefficients 1, of size —1, hence ¥ = >">_ 1, < co. In particular, we
apply Theorem 17.5 of Davidson (1994), with r = p+6, p=2+6,b=1and a = M Under
our assumptions, the NED constants d; can be set equal to 1, which implies that the mixingale
1) < A < oo for all t. Thus, < ‘Ziifﬂ , < K02,
and from (I8)) we have that ké/2E (SUPre[o,l] ‘T_l/z Z§:B+1 Xj+8‘> < K uniformly in j, given that
ko = T/¢. This completes the proof of (1).

constants ¢; < max (HXt|’p+57

31



Next we show step (2). As in PP (2003), we consider the asymptotically equivalent statistic

Tk()]-i-l Y/ ’r‘ko +1
_1/2 Z >\/ *-1/2 <€_1/2Z (le+s _E*XIers ) = k_1/2 Z

s=1

where Vi = N5 20Uz with U, = 092 (Xp,.,. — E*X1,,.,.). Note that {V% :m =1,...[rke] + 1}
is an array of independent variables with E* (V%) = 0 and Var* (V;) = N Y2y ar+ (U* ) 9*1/2/\ =
1, where the last equality holds because we can show that Var* (Uy,) = Q%. We now apply a FCLT
for martingale difference arrays (cf. Billingsley, 1968, p. 194). In particular, let £, = \/L,?OV”’Q and

note that {7, is a martingale array with respect to the o-field F7,, | = o (I1,...,Ip—1) given
the independence of V. For each r € [0,1], Z%iﬂlﬂ Var* (&ry,) = Zggi)]lﬂ k—lo = % —r

as kg — oo, which verifies Billingsley’s (1968, p. 194) condition (18.3). Next we verify that
the Lindeberg condition (cf. Billingsley, 1968, eq. (18.4)) holds in probability. For this, it suf-
fices thatzgiojlﬂ E* |&r 20 5 0in probability. Since Qi}_lp = Op (1), we need to show that

2496

ky 2 ZE:LOZT]IH E* |U%|*™ = 0 in probability. By definition of U¥, we have that

m|

P _ 24 1
B (B U5) < K iy 2 P

¢

Z X]+S

s=1

240
An application of Lemma [A]] yields F <‘Z£_1 Xits

) <K 3 uniformly in j, which implies
+
that E<E* |U;,ib|2+5> = O(1), showing that k, 2 Z[kor]ﬂ E*\U;, 2 = op (k: 8/2 ) = op (1)

_9
since ky * = (¢/T )% — 0 under both sets of conditions on .
Proof of Lemma [A.4l As in the proof of Lemma [A.3] we can write

[rT] ¢
71 Z (X; - E*(X])) = -1 Z Z Xpts — B (X1,,45)) + T Z (XIMT-'FS — £ (XIMT.-FS))
t=1 m=1 s=1 s=B+1

= A (r) + A5p (1) .

Let U}, = Zi:l (X145 — E*X1,,+5) and note that S} = S _ U% is a martingale array with
respect to ]::’;7 ;=0 (I1,...,1;). Thus, by an application of Markov’s inequality first, and of Doob’s
inequality second, we have that

2

1 * * — * * |2
B WE <1<]a<)/(€o‘5 | > SKTTE <|5k0| >

1
P*| sup |Alp(r)|>n)] < E* | sup
(rG[O,l] 1 n*1?

Adding and subtracting p = E (X3),
2

¢
Z X11+s -

) 2
E" (\S;;O \2) = koE* (U?) = koE* <Z (Xp4s —p— E* (X1, — u))) < KkoE*
s=1
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for some constant K. Using the properties of the MBB and Lemma [Al we can show that
2
E <E* <‘Z£:1 (X14s — ,u)‘ >> = O(¢), which implies E* (|SZO‘2) = O(T), and thus
p* <Supr€[071} | A ()] > 77) = Op (T™!) = op (1). Similarly, we can show that E* (supg<,<; [A%; (r)]) =

Op (%) = op (1) under both a) and b).
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Appendix B

This Appendix contains the proofs of the results in Section 5. We first present two useful lemmas.
We then present the proofs of the main results, followed by the proofs of the auxiliary lemmas.

Throughout this Appendix, we let Q = 72 (1) 62, A =7 (1), and W (r) = AW, (r).

Lemma A.5 Under Assumption 2, and for any fized b € (0, 1], we have

a) T~ WZut AW, (1) + Op <T‘1/2+1/p>.
T— 1

b) 7723 Sf=0 / WE(r)dr + Op (T—1/2+1/P) .
t=1 0

c) T—3/2Z< >st A/ v Wi () dr + Op (T—1/2+1/p)

T—[bT]—1

1-b
d) 7737 Y <%> Sy =A / rWi () dr + Op (T—1/2+1/p).
0

t=1

T-prl-1 b
e) T4 Y <T> Strfor) = A/ r Wi (r +b) dr + Op (T—1/2+1/p) .
0

t=1

T—[pT]— 1[bT] b
) 792 Y Dls,—pA [ Wi(r)dr+0p (T—1/2+1/p>.
t=1

T—[bT]-1 -
g) T_2 Z StStHbT} =0 ; Wy (7") %] (7‘ + b) dr + OP <T—1/2+l/p> )
t=1

Lemma A.6 Under Assumption 2, with probability approaching one, we have that

T
a) 772w = AW (1) + Op- (T—1/2+1/P) .
t=1

T-1
b) T~ 225*2 Q*/ W2 (r) dr + Op- <T—1/2+1/p>
t=1

T-1 1
) T2Y <%> SF = A" / v Wi (1) dr + Op- (T—1/2+1/p) .
t=1 0

T—[bT]—1

1-b
d) 7737 Z <%> Sf = A*/ rWi (r)dr 4+ Op- <T_1/2+1/7’> .
0

t=1
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Tpr)-1 b
e) 779/ Z <T> ) = A*/ rWi (r +b)dr + Op- (T_1/2+1/1”> .
0

t=1
T—[bT]—-1 1—b
£) 7732y V)—f]st* = bA* Wi (r)dr + Op~ (T—1/2+1/p) .
t=1 0
T—[bT]-1 1—b

g T >SSy = 0 Wi (r) Wi (r + b) dr + Op- (T—1/2+1/p) '
t=1

where O = 0232, 7% and A* = Q*1/2.
Proof of Lemma [5.3l Theorem 3 of Akonom (1993) implies that under our assumptions

P | sup ‘WT (r) — W(T)‘ >cor | < Cng_p/2c;pE le]?
rel0,1]

for any sequence c¢p such that 71241/ < o < O (log T)1/2, where (1 and Cy are constants

independent of T'. Part a) follows by letting ¢y = ¢T~1/2HYP for some constant ¢, whereas part b)

follows by setting ¢p = ¢T~1/2+3/2p,

Proof of Lemmal[5.2. Write Q = J;—Jo, with J; = 2172 Zth_ll S2 and Jy = 20172 Zzﬂ:_l[bﬂ_l StStJr[bT}-

We can write J; = 217 — 4l + 213, where by Lemma [A5] I} = T2 Zth_ll S? = Qfol W2 (r)dr +

Op (T—1/2+1/p) ;

I = T2 f <%> SiSp = (T—?’/?Tz_l <%> St) (7725r)

t=1 t=1

= <A/o rWiy (r)dr + Op (T—1/2+1/p>> (AW1(1)+OP (T—1/2+l/p))

1
- Q/ rWa (r) Wi (1) dr + Op (T7Y/2F17)
0

and
-1 9 T-1 9
_ 2 Y 2 1 t “120. )2
Iy = T ;<T> S2 =T ;<T> (T ST>
— 1 -1 —1/24+1/p 2_1 2 —1/2+1/p
— <3+O(T )> (AW1(1)+OP(T )) = oW (1)+OP(T )
snce T ST (§)7 = IR 2 40 (70 T,
1
J=Q E / (W1 (r) — 7V (1))%} +Op (1712,
0
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Next we analyze Jo. Notice that we can write

A t t+ T
SeSeypr) = <St - TST> <St+[bT} - T[ ]ST>
t+ [0T] t tt+ [bT]
= SuSupr) — T SeSt — fStJr[bT}ST + T T S%,
implying that
T—[bT]—1 T—[bT]—1
2 2 t+ [bT
Joo= T Y SiSupmy - 3T z[ 5,5
t=1 t=1
T—[bT)—1 T—[bT]—1
2, t 2 tt+[bT] o
_ET tZ:; ?St—i-[bT}ST + ET tZ:; ? T ST
= Ay — Ay — A3+ Ay.
By Lemma [A.5] we have that
) 1-b
AL =30 [ W) Wi+ b)dr+ Op (T71/201/7)
0
T—[bT])—1 T—[bT]—1
T NN M
Ay = T ; 7581+ 3T ; = Si5T
T—[bT]—1 T—[bT]—1
_ 2 (g ~3/2 t 2 (172 —3/2 [bT]
= (7 ST)<T ; Z) S|+ 1 (17 se) (T ; 5
I 20" ~1/241/p
= bQ rWi (7‘) Wi (1) dr + be Wi (7’) Wi (1) dr+Op (T
0 0

1-b
— %Q/ (r+b0) Wy (r) Wy (1)dr + Op <T—1/2+1/p>;
0

T—[bT]—1 b
2 —1/2 —3/2 3 2 —1/241
Ag == (7725r) (T 23T ZSuun | =30 W) W () drOp (7rzeise)

t=1

and

T—[bT] —1
2/ 2( tt+ [bT]
Ay = Z(T7V28p) (170 > =
b( ) ~ T T

2 1 1
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The last result uses the fact that

T—[bT]—1 T—[bT]—1 T—[bT]—1
T8Nt pr) = T Y #2+T Y t[bT]
t=1 t=1 t=1

= %(1 —b)?®+ %b(l —b)?*+0(T7).

The desired result follows from combining all the previous expansions.

B L\ —1/2
Proof of Theorem [5.1l Write %1 = Pr{) 1/2 <Q%> , where Pp = T—1/2 Zthl u; and Qq =

QQ; (b) is the leading term of the expansion of (. Note that by a Taylor expansion of f (z) =

(1+2)""% around 0 we can write

a\ " a_o\ " 100 2
o — I LA A
<Q—1> _<1+ o > =15 g +Or <<Q Ql>>

Lemma 5.2 implies that O — Q1 = Op (T‘1/2+1/p) , and since Q1 = Op (1), we get that

%1 _ PT91—1/2 (1 +0p (T—l/2+l/p)) _ PTgl—l/z +0p (T—1/2+1/p) _

Lemma [A5] a) now implies the result.
Proof of Corollary [5.1L We follow the proof of Corollary 3.8 of Park (2003). In particular,
the result follows from Lemma A4 of Park (2003) given that the error terms of the asymptotic
expansions in Lemma [A.5] are distributionally of order O (T'~%), with a = 1/2 — 3/ (2p), and that
the density of Q7' is bounded and all its moments are finite (which follows because Q; is a quadratic
form of a Brownian motion with a truncated positive definite kernel). The remainder terms for each
statistic are defined in the proof of Lemma [A.5l Thus, the remainder term of part a) of Lemma
A5l is equal to Ryp = Wy (1) — W (1), which is distributionally of order O (T~%) given part b) of
Lemma[5.Il For part b), the remainder is Ror = RélT) + RgT), where ‘RST)‘ < sup ‘WT (r) — W (r) ’
1/

and ‘Rng)‘ <2 <Sup ‘WT (ry—w (7‘)‘2> " <f01 W2 (r) dr) ’ . We have that

P (Sup ‘WT (r)=Wi(r)| = T‘“) < P (sup ‘WT (r)—wW (r)‘2 > T‘2“>

< P (sup|Wr (1) =W (] 2 77) = 0(T77),

showing that R%z is distributionally of order O (T'~%). Since fol W2 (r) dr has moments finite up
to any order, Lemma A4. b) of Park (2003) implies that RgZT) is also distributionally of order
O (T~%). For part c¢), the remainder is Rgp = Rz(’,}f) —I—Rgp), where ‘Rgp)‘ < sup ‘WT (ry—W (7‘)‘ and
‘Ri(ép) < sup ‘WT (r) — W(r)‘ + %fol ‘W(T) dr. Since sup ‘WT (r) — W (r)
order O (T~*) by Lemmal5Il b), we only need to show that the same is true for 1 fol ‘W (r)
dr

is distributionally of
dr. This

< 0. For part d), note

follows by an application of Markov’s inequality, given that F ‘ fol ‘W (r)
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that the remainder is R4y = Rfuz + RELT), where Rf&z is majorized by the same term as R3p, whereas
‘RfT‘ < sup ‘WT — W (r )‘ + T sup ‘W (r) ‘, which can be handled as Rgz The remainder in part
e) can be decomposed as Rgp) + Rgp) + R(g) R( ) RéT) + RéT), where RéT) and RéT) are majorized
by sup ‘WT( ) — W(T‘)‘7 RéT) and R(jz are majorized by sup ‘WT r)y—W(r) ‘ T fo ‘W ‘
For Rgp) and R(T) we have that for i = 3,4,

TP (|RY)| =7

T(3/2=a)p

which is o (1) for any p > 0 and where we have used the fact that £ ‘S[bT] ‘p < TP/2 by Lemma [A ]
part b). The remainders in parts f) and e) can be analyzed using similar arguments and therefore
we omit their proofs.

Proof of Lemma 5.3l Since uf are i.i.d. we can apply the strong approximation result of
Sakhanenko (1980) to W, as in the proof of Lemma 2.4 of Park (2006). That is, we may choose
W in the same probability space as the Brownian motion W* (r) = Q*1/2W; (r) such that W has
the same conditional distribution as WC?* and verifies the following condition:

pP* (01&81 ‘W:F (r) — W* (r)

> CT> < Kc;pTl_pﬂE* luy [P,

where W* (r) = Q*¥/2W (). If we show that E* |uf[’ = Op (1), the first result follows by let-
ting cp = ¢TI~ Y2H1/P for some large ¢ > 0 whereas the second result follows by letting ey =
¢TI —1/2+3/2p)  Note that

T T T
E P =T i =T fug—aff < KT |w|” — KE Ju|” < o0,
= t=1 t=1
for some constant K, in probability. This proves that E* |uf |’ = Op (1).
Proof of Lemma (5.4l Given Lemma (B3] the proof follows the same reasoning as that of
Lemma (.21
Proof of Theorem Given Lemma [5.3] the proof follows the same reasoning as that of
Theorem 511
Proof of Corollary Given part b) of Lemma[(5.3land Theorem [5.2] the proof is analogous
to that of Corollary
Proof of Lemma [A.5. We follow closely the proof of Lemma 3.1 of Park (2006). For a),
note that 7-Y23"T w, = Wr (1) = W (1) + Ryp, where Ry = Wy (1) — W (1). By Lemma
BEIa), Rir = Op (T~Y2+1/?), proving the result. For b), let Sy = 0 and write 72 ST s? =
T2 Zthl Stz_l. Note that T-1/28, ; = T7-1/2 ZZ Lu; = Wrp (%) . Thus,

T_2Z,S't 1—T_IZWT< > /WT d?‘—/ W2 )dr + Ror,
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where Rop = fol (W:% (r) — W? (7‘)) dr. We can write

RQT:/O1 (WT(T)—W(T))QCZTM/OI (Wr (r) = W (1)) W () dr = RS + RS,

Then, by Lemma [ETla),

Rgp) < /1 sup ‘WT W(r)rdr < ( sup ‘WT W(r)‘)2 =Op <<T—1/2+1/p>2> :
0

ref0,1] re(0,1]

For Rng), by the Cauchy-Schwartz inequality,

‘RéZT)‘§2</01 (WT(T)—WT >1/2 </ W2 ( )1/2:2A1T-A2T.

By Lemma B dla), A7 = Op (T‘1/2+1/p) and Aoy = fo VV2 )dr = Op (1). For c), we can write
-1 T T
—3/2 t _ el t=1 v 1p _ 1 t—1 t—1
T ; <T> S, = T ; = <T St_1> T ; —Wr (—

T )T 1 Lo
- > [0 wrya = [ Ewreyar = [ v e)ies o
~ Jie-vyr T o T 0

where Rsr = RélT) + Régf), with

R;(;l) = /01 r (WT (r)—W (7’)) dr and R§,2T) = /01 ([T_Tr] — 7’> Wr (r) dr.

By Lemma [B.Jla) we have that Rz(’,}f) =0Op (T_1/2+1/p). For Ri(,ip), note that
/1

= —/ ‘WT )‘dr—i——/ ‘W ‘dT—A3T+A4T7

IN

72 er\m<—/uw Pldr

where Asr = Op (T‘3/2+1/p) and Ay = Op (T‘l) =0Op (T_1/2+1/p). For d), we have

T—[bT]-1 ; 1-b
TN =S :/ rW () dr + Rur,
0

t=1

where Ryp = Rgp) + Rz(ér) RSF) is of the same form as Rgp but with the fol replaced by fol_b,

and Rf) = 11 bb+b T/ T [Tﬂ Wy (r)dr. Following the proof for Rsp, we can show that RST) =
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Op (T_1/2+1/p). Rféz can be bounded by

1—b+b—[bT)/T [Tr] 1-[bT)/T
/ Wrldr< [ W ) ar
1-b 1-b
1—[bT]/T [bT] .
< sup |Wrp(r)] 1ldr < sup |WT(7‘)|' _T' Op (T ),
rel0,1] 1-b rel0,1]

since sup,.cpq] |Wr (r)| = Op (1) and ‘b - [b—T‘ O (T™') . For e), write

T—[bT]—1 T—[bT T

T—3/2 Z %St—l—[bT] _ T—l Z t = 1 (T_l/zst-i-[bT}—l) — T—l Z t 1T [bT] <T_1/2St—1)
t=1 t=1 t=[bT)+1
T T oopr
— -1 Z <T_1/2St ) -1 Z [ ] 7-1/2g _1> Myp + Moy
t=[bT]+1 t=[bT]+1

We analyze M7 and My separately. For My, we can write

- 1 @ r)ar = 1@ r)ar ' [Tr]
My = /[bT]/T T W (r)d —/b T WT( ) d —l—/[bTVT T —Wr (r)dr

_ /blTW(T)dr—k/blT(WT(T)—VNV(T))CZT—F/b (V—f]—r> WT(T)dH/U;/T[T—T’"]WT(r)dT

1
= /7%%)W+RQ+R®+R@
b

We can majorize RélT) and Ré? by the same terms that majorize R(jz and R(jz respectively. For

Ré?ép) we have that
bT]
58] ] (o= B) =[] - 0r (220
For Msr, we can write

Myp = —b/bIW(r)dr—@/H);]/TWT(T)dr—b/bl (WT(r)—W(r)>dr— <@—b> /b1WT(r)dr

1
—b/ W (r)dr — R — BS) — RS,
b

We can show that ‘R ‘ |T 3/28 BT ‘ =0Op (T 1/2+1/p) and R(T) and R(T) can also be shown to

be Op (T 1/2+1/ p) by arguments similar to those used above. Thus

1 - 1-b
Myr + My = / (r—=0b)W(r)dr+Op <T—1/2+1/p> — / W (r +b) dr + Op <T—1/2+1/p> ‘
b 0
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For f), letting Sy = 0, we can write

T—[bT]-1
b
T—3/2 [ _
Z T St

t=1

T—[bT]

(T—1/2S > [bT] S Twy <tT1>

t=1

f%
/ r) dr +@ /1 (_Z_WWTWT (r) dr
/

[bT]
T
[bT]
T T |,

b/ W () dr + Rer,
0

where Rgr = RélT) + RéZT) + Ré}?, with
bT 1-b
R(%“) = <% - b> W (r)dr =0Op (T_l) ;
0
@ _ [bI] [ T _ ~1/2+1/p) .
Ry = 5 | <WT (r) W(r)) dr = Op <T ) :
T (T=0pT)/T 1 [l
R(()‘BT) = u/ WT(T)dTS—/ !WT(T)\dr:OP(T_l).
T Ji T Jo
Finally, for g) write
T-[bT]-1 T—[bT]
Y. SiSupr = TN Y] (T_l/QSt—l) (T_1/2St—1+[bT]>
t=1 t=1
T
= T Z (T_l/zst—l—[bT}) (T_1/2St—1)
t=1+[bT]

1 1-b
_ / Wr—b)W (r)dr+ Rer = | W ()W (r +b)dr + Rer,
b 0

where Ry = R%) + R%) + R%), with

RY = /bl(WT(r—b)—W(r—b))W(r)dr;
R = /bl (W (r) = W (1)) Wr (v — b) dr:

b
R® — / W (r — b) Wy (r) dr.
i/

Using arguments similar as above, we can show that each of these terms is Op (T —1/2+1/ p), com-
pleting the proof.
Proof of Lemma [A.6l The first result follows trivially from part a) of Lemma [53l The

remaining result follow exactly as in the proof of Lemma [A.5] given Lemma
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