
R
ed

un
da

nc
y 

co
nj

ec
tu

re
 a

nd
 

su
pe

r-
ca

pa
ci

ty
 r

at
e 

of
 in

cr
ea

se

D
en

is
 C

ou
si

ne
au

U
ni

ve
rs

it
é 

de
 M

on
tr

éa
l

D
en

is
.C

ou
si

ne
au

@
U

M
on

tr
ea

l.C
A



R
ed

un
da

nt
 s

ig
na

ls
:

a)
 T

he
 b

as
ic

 p
ar

ad
ig

m
H

ow
 d

o 
w

e 
re

sp
on

d 
in

 t
he

 p
re

se
nc

e 
of

 a
 s

ig
na

l i
n 

on
e 

ey
e,

 b
ot

h 
ey

es
, o

r 
in

 n
on

e?

(M
ill

er
, 1

98
2)

F r
ig

ht
 fo

r r
ig

ht
 

ey
e 

al
on

e

F l
ef

t
fo

r l
ef

t 
ey

e 
al

on
e

F l
ef

t+
rig

ht
 fo

r 
bo

th
 e

ye
s

H
ow

 g
oo

d 
ar

e 
th

e 
re

su
lts

 o
f 

bo
th

 e
ye

s 
co

m
pa

re
d 

to
 a

 s
in

gl
e 

ey
e?



R
ed

un
da

nt
 s

ig
na

ls
:

b)
 T

he
 b

as
ic

 m
od

el
A 

pa
ra

lle
l i

nd
ep

en
de

nt
-c

ha
nn

el
 s

el
f-

te
rm

in
at

in
g 

de
ci

si
on

 m
od

el
:

 

R
T

S 1 S 2

F 2
 w

ith
 S

2
al

on
e

F 1
w

ith
 S

1
al

on
e

O
ne

 c
ha

nn
el

A
 d

ec
is

io
n 

m
od

ul
e

W
he

n 
bo

th
 s

ig
na

ls
 a

re
 p

re
se

nt
ed

, s
ta

tis
tic

al
 f

ac
ili

ta
tio

n 
sh

ou
ld

oc
cu

r,
 s

pe
ed

in
g 

up
 t

he
 F

{1
2}

R
Ts

.



R
ed

un
da

nt
 s

ig
na

ls
:

c)
 T

he
 t

he
or

et
ic

al
 b

ou
nd

s

A 
bo

un
d 

on
 t

he
 a

m
ou

nt
 o

f 
st

at
is

tic
al

 f
ac

ili
ta

tio
n 

ca
n 

be
 

co
m

pu
te

d:

∏∏ ∈∈

−
=

−
−

=

>
−

=

≤
=

S
i

i

S
i

ii

i
S

TB

t
S

t
F

t
al
l

t
M
in

t
F

)
(

1

)}
(

1{
1

}
 

Pr
{

1

}
)

(
Pr

{
)

( }
{

TT

M
ill

er
 b

ou
nd

 
F M

B
{1

2}

T
ow

ns
en

d 
bo

un
d 

F T
B

{1
2}

Th
is

 f
or

m
u

la
e 

is
 v

al
id

 f
or

 
m

or
e 

th
an

 
tw

o 
ch

an
n

el
s.

W
he

re S i
(t)

:=
 1

-F
i(t
)

is
 t

he
 s

ur
vi

vo
r 

fu
nc

tio
n.

F 1
F 2



R
ed

un
da

nt
 s

ig
na

ls
:

c)
 C

ap
ac

it
y 

m
ea

su
re

 a
s 

de
vi

at
io

n
Th

e 
To

w
ns

en
d 

bo
un

d 
in

di
ca

te
s 

a 
lo

w
er

 li
m

it 
to

 t
he

 b
es

t 
pe

rf
or

m
an

ce
 e

xp
ec

te
d 

fr
om

 t
he

 b
as

ic
 m

od
el

.
If

 t
he

re
 is

 a
 d

ev
ia

tio
n,

 w
e 

ne
ed

 t
o 

qu
an

tif
y 

it 
at

 t
im

es
 t

:

=
=
∑ ∈
S

i
i

S
S

t
S
t

S
t

C
)

(
lo

g
)

(
lo

g
:)

(
}

{
}

{
)

(
lo

g
)

(
lo

g

}
{}

{

t
S

t
S

S
TB

S
Th

is
 f

or
m

u
la

e 
is

 a
ls

o 
va

lid
 

fo
r 

m
or

e 
th

an
 

tw
o 

ch
an

n
el

s. F T
B

{1
2}

F {
12

}

If
 C

{S
}(

t)
 =

 1
 f

or
 a

ll 
t,

th
en

 n
o 

de
vi

at
io

n;

If
 C

{S
}(

t)
 >

 1
 f

or
 a

ll 
t,

th
en

 b
et

te
r-

th
an

-
pa

ra
lle

l p
er

fo
rm

an
ce

s 
i.e

.
"s

up
er

-c
ap

ac
ity

" 
or

 c
oa

ct
iv

at
io

n.



A
n 

al
te

rn
at

iv
e 

m
od

el
:

a)
 W

ha
t 

is
 c

oa
ct

iv
at

io
n?

R
T

S 1 S 2S 1 S 2 S 5 S 6S 3 S 4Co
ac

tiv
at

io
n 

is
 o

bt
ai

ne
d 

by
 p

oo
lin

g 
al

l t
he

 e
vi

de
nc

es
 in

 t
he

 
sa

m
e 

de
ci

si
on

 m
ec

ha
ni

sm
.

W
hy

 b
e 

lim
ite

d 
by

 o
nl

y 
tw

o
ch

an
ne

ls
?

As
 t

he
 n

um
be

r 
of

in
pu

ts
 #

S
in

cr
ea

se
s,

be
tt

er
 t

es
ts

 m
ay

 b
e

ob
ta

in
ed

.



A
n 

al
te

rn
at

iv
e 

m
od

el
:

b)
In

cr
em

en
ta

l m
ea

su
re

 o
f 

ca
pa

ci
ty

Fo
r 

al
l s

ub
se

t 
G

 o
f 

th
e 

st
im

ul
us

 s
et

 S
, w

e 
ca

n 
co

m
pu

te
 a

 
pa

rt
ia

l c
ap

ac
ity

 m
ea

su
re

s 
C {

G
}

w
he

re
:

  

=
)

(
)

()
(

1

}3{

}2{

}1{

t
C

t
C

t
C

  

<
)

()
(

)
( }3,2{

}3,1{

}2,1{

t
C

t
C

t
C

Pr
ov

en
 in

 
To

w
ns

en
d 

an
d 

N
oz

aw
a,

 1
99

5.

)
( }3,2,1{
t

C
<

Pr
oo

f t
riv

ia
l



A
n 

al
te

rn
at

iv
e 

m
od

el
:

c)
C

an
 w

e 
an

al
yz

e 
C

{S
}(t

)?

H
er

e,
 I

 a
ss

um
e 

on
ly

 t
w

o 
ch

an
ne

ls
 a

ct
in

g 
as

 c
ou

nt
er

s 
C 1

an
d 

C 2
w

ith
 f

ix
ed

 c
rit

er
io

n 
k.

)
Pr

{
)

Pr
{

)
Pr

{
)

(
2

1
)

(
}

12{
t

t
t

t
F

k
C

k
C

k
C

Su
m

i
≤

+
≤

=
≤

=
≥

≥
≥

T
T

T

)
Pr

{
2

1
t

k
C

k
C

≤
−

≥
∧

≥
T

∑
∑

− =

− −
=

≥
≥

≤
∧

≤
+

1 1

1

1
1

2

2
2

1
1

)
Pr

{
k n

k

n
k

n
n

C
n

C
t

t
T

T

 

 
C

1 ≥
 k

 
 

C
2 ≥

 k
 

C
1 ≥

 k
 a

nd
 C

2 ≥
 k

 
 

C
1 <

 k
 a

nd
 C

2 <
 k

 
an

d 
C

1 +
 C

2 ≥
 k

 

C
1 +

 C
2 ≥

 k
 

So
lu

tio
n:

 n
o,

 b
ec

au
se

 t
he

 la
st

 t
er

m
ha

s 
de

pe
nd

en
ci

es
 b

et
w

ee
n 

th
e

co
un

te
rs

.



S
o 

fa
r…

So
 f

ar
…

 
W

e 
pr

ov
id

ed
 a

 g
en

er
al

iz
ed

 d
ef

in
iti

on
 o

f 
F {

S}
an

d 
C {

S}
to

 m
or

e 
th

an
 

tw
o 

ch
an

ne
ls

;
An

d 
an

 in
cr

em
en

ta
l m

ea
su

re
 o

f 
ca

pa
ci

ty
 s

uc
h 

th
at

 C
{G

}
<

 C
{S

}
w

he
n 

G
 ⊂

S;
Ca

pa
ci

ty
 c

an
no

t 
be

 s
ol

ve
d 

an
al

yt
ic

al
ly

 if
 t

he
 

co
ac

tiv
at

io
n 

hy
po

th
es

is
 is

 t
he

 o
nl

y 
on

e 
pr

es
en

t.

Fr
om

 H
eb

b,
 1

94
9.

 

Et
c 
ρ 

tim
es

 

Et
c 
ρ 

tim
es

 

S 1
 

S 2
 

W
hy

 c
on

si
de

r 
#

S
>

 2
, w

e 
on

ly
 h

av
e 

tw
o 

ey
es

?
Th

e 
PR

M
 is

 a
 c

ou
nt

er
 m

od
el

 t
ha

t 
as

su
m

es
 

re
du

nd
an

t 
in

pu
t 

ev
en

 w
ith

in
 a

 c
ha

nn
el

:
Br

ai
n 

co
nn

ec
tio

ns
 in

vo
lv

e 
re

du
nd

an
t 

pa
th

w
ay

s.
Th

e 
PR

M
 is

 a
na

ly
tic

al
 u

nd
er

 m
os

tly
 a

ny
 c

on
di

tio
ns

.
W

ith
 r

ed
un

da
nc

y,
 P

RM
 c

an
 le

ar
n 

in
 m

uc
h 

th
e 

sa
m

e
w

ay
 n

eu
ra

l n
et

w
or

ks
 d

o.



A
ss

um
in

g 
P

R
M

:
C

an
 I

 s
ol

ve
 f

or
 C

{S
}(t

)?
=

1.
So

lv
in

g 
th

e 
de

no
m

in
at

or
: 

Si
ng

le
-s

tim
ul

us
 d

is
tr

ib
ut

io
ns

ex
is

ts
iif

 
ex

is
ts

.

le
t

th
en

(G
al

am
bo

s,
 1

97
8)

}
Pr

{
)

(
t

t
F

k
i

i
≤

=
≥

CT
}

Pr
{

1
t

i
≤

≥
CT

∑− =
 

 
−

−
−

=
1 0

)
(

1
1

!1
))

(
1(

1
)

(
k j

j

i
i

t
L

Lo
g

j
t

L
t

F

)
)(

,
(

}
Pr

{
:)

(
1

t
b

W
t

t
L

i
i

i
γ

=
≤

=
≥

CT

∑ ∈
S

i
i

S

t
S
t

S
)

(
lo

g
)

(
lo

g
}

{

k,
 t

h
e 

ac
cu

m
u

la
to

r 
si

ze
, 

is
 a

 f
re

e 
pa

ra
m

et
er

.

2.
So

lv
in

g 
th

e 
nu

m
er

at
or

: 
Ex

pe
ct

ed
 d

is
tr

ib
ut

io
n 

in
 t

he
 {

S}
 

re
du

nd
an

t-
st

im
ul

us
 c

on
di

tio
n

is
 t

he
kt

h
fa

st
es

t 
of

 #
S 

po
ol

s 
of

 ρ
re

du
nd

an
t 

ra
ce

rs
.

W
as

 p
re

vi
ou

sl
y 

un
so

lv
ab

le
, b

ut
! 

If
 w

e 
po

ol
 a

ll 
th

e 
ra

ce
rs

 t
og

et
he

r,
is

 t
he

 k
th

fa
st

es
t 

of
 a

 s
in

gl
e 

po
ol

 o
f 

#
S 

×
ρ

ra
ce

rs
, t

hu
s

)
( }

{
t

F
S

)
)(

,
(

)
Pr

{
)

(
1

)
(

}
{

t
b

W
t

t
L

i
C

Su
m

S
i

S
i

γ
ρ

γ
=

≤
=

≥
∈

T

)
( }

{
t

F
S



A
ss

um
in

g 
P

R
M

:
Il

lu
st

ra
ti

ng
 a

ll 
th

is

1.
#

S
=

 2

F 2
F 1

T
ow

ns
en

d 
bo

un
d 

F T
B

{1
2}

F {
12

}
de

vi
at

io
n 

fr
om

 
pa

ra
lle

l p
ro

ce
ss

in
g 

by
 

th
e 

PR
M

C
{1

}=
C

{2
}

C
{1

2}

Ca
pa

ci
ty

 in
cr

ea
se

 
re

fle
ct

s 
an

 
ad

va
nt

ag
e 

in
 

pr
oc

es
si

ng
 t

im
e

ab
ov

e 
st

at
is

tic
al

 
fa

ci
lit

at
io

n.



A
ss

um
in

g 
P

R
M

:
Il

lu
st

ra
ti

ng
 a

ll 
th

is

2.
ρ

=
 3

F 3
F 2

F 1F T
B

{1
2}

F T
B

{1
3}

F T
B

{2
3}

F {
12

}

F {1
3}

F {2
3}

(T
ow

ns
en

d 
an

d 
N

oz
aw

a,
 1

99
5)

C
{1

2}
≈

C
{1

3}
≈

C
{2

3}

C
{1

} =
C

{2
} =

C
{3

}

C
{1

23
}

F {
12

3}

F T
B

{1
23

}



A
n 

ex
am

pl
e?

W
ha

t 
is

 t
he

 
ps

yc
ho

lo
gi

ca
l 

di
ff

er
en

ce
 b

et
w

ee
n 

re
d 

an
d 

pi
nk

?
Lu

m
in

an
ce

, t
ha

t 
is

, 
re

du
nd

an
cy

 o
f 

th
e 

re
d 

ph
ot

on
s 

re
ac

hi
ng

 t
he

re
tin

a.
Lu

m
in

an
ce

 :
=

 t
he

 in
cr

ea
se

d 
ca

pa
ci

ty
 t

o 
pe

rc
ei

ve
 o

ve
ra

ll 
re

dn
es

s 
ab

ov
e 

th
e 

ca
pa

ci
ty

 o
f 

a 
si

ng
le

 d
et

ec
to

r 
to

 p
er

ce
iv

e 
re

dn
es

s.



C
on

cl
us

io
n

In
 s

um
, d

en
si

ty
 o

f 
in

fo
rm

at
io

n 
is

 c
od

ed
 (

in
 t

im
e)

 e
ve

n 
th

ou
gh

 
th

er
e 

ar
e 

no
 s

pe
ci

fic
 in

pu
ts

 t
ha

t 
co

de
 lu

m
in

an
ce

.
Th

us
, t

he
 P

R
M

 c
an

 le
ar

n 
to

 d
is

cr
im

in
at

e 
va

rio
us

 lu
m

in
an

ce
 p

at
ch

es
.

By
 f

itt
in

g 
em

pi
ric

al
 c

ap
ac

ity
 c

ur
ve

s,
 it

 is
 p

os
si

bl
e 

to
 e

st
im

at
e

k
as

 a
 

pr
op

or
tio

n 
of

 a
va

ila
bl

e 
ra

ce
rs

 p
er

 c
ha

nn
el

.
If

 k
>

>
 #

S,
 t

he
n 

th
er

e 
m

us
t 

be
 r

ed
un

da
nt

 c
ha

nn
el

s 
in

 t
he

 s
ys

te
m

.

Th
us

, r
ed

un
da

nc
y 

w
ou

ld
 n

o 
lo

ng
er

 b
e 

an
 a

ss
um

pt
io

n.

Th
e 

re
du

nd
an

cy
 c

on
je

ct
ur

e 
(a

ls
o 

se
e 

Lo
ga

n)
:

Ca
n 

w
e 

de
ve

lo
p 

te
st

s 
to

 m
ea

su
re

 r
ed

un
da

nc
y,

 a
nd

is
 r

ed
un

da
nc

y 
pr

es
en

t 
in

 m
an

y 
co

gn
iti

ve
 s

ys
te

m
s?

Th
an

k 
yo

u.
 T

hi
s 

ta
lk

 a
va

ila
bl

e 
at

: 
h

tt
p:

//
P

re
lu

de
.p

sy
.u

m
on

tr
ea

l.c
a/

~
co

u
si

n
ed

/h
om

e/
ta

lk
s.

h
tm

l


	Redundancy conjecture and super-capacity rate of increase
	Redundant signals:a) The basic paradigm
	Redundant signals:b) The basic model
	Redundant signals:c) The theoretical bounds
	Redundant signals:c) Capacity measure as deviation
	An alternative model:a) What is coactivation?
	An alternative model:b) Incremental measure of capacity
	An alternative model:c) Can we analyze C{S}(t)?
	So far…
	Assuming PRM:Can I solve for C{S}(t)?
	Assuming PRM:Illustrating all this
	Assuming PRM:Illustrating all this
	An example?
	Conclusion

